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Abstract 

We present a project of classification of a certain class of bihamiltonian 1+1 
PDEs depending on a small parameter. Our aim is to embed the theory of Gro- 
mov - Witten invariants of all genera into the theory of integrable systems. The 
project is focused at describing normal forms of the PDEs and their local bi- 
hamiltonian structures satisfying certain simple axioms. A Frobenius manifold 
or its degeneration is associated to every bihamiltonian structure of our type. 
The main result is a universal loop equation on the jet space of a semisimple 
Frobenius manifold that can be used for perturbative reconstruction of the in- 
tegrable hierarchy. We show that first few terms of the perturbative expansion 
correctly reproduce the universal identities between intersection numbers of Gro- 
mov - Witten classes and their descendents. 
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1 Introduction 



In this paper we study the structure of integrable systems of evolutionary PDEs with 
one spatial variable of the form 



u. 



J yU)ul + perturbation, 



n. 



The basic example of such a system is the celebrated Korteweg - de Vries equation (in 
this example n = 1) 



Ut 



UUx + 



12 



;i.2) 



Here e is the parameter of the perturbation. Our aim is to develope an approach to 
the problem of classification of such systems based on the deep relationship between 
integrable systems and quantum field theory discovered in the last decade [|ll|, 



146| , pO[| . The amazing discovery of E. Witten and M. Kontsevich of 



mm 

the relationship between KdV and the topology of the moduli spaces of stable algebraic 
curves opened a new dimension in the theory of integrable systems. The surprising 
outcome of our classification project is that, at least at low orders of the perturbative 
expansion, the topology of the moduli spaces M.g,n of stable algebraic curves is "hidden" 
in every integrable systems of our class. 

Another motivation for our work was the wish to find a proper setup for the general 
theory of Frobenius manifolds 



(cf. [|7|]). As it has been suggested in 0, |2], |3|, |^ 
(see also ||146|| ) the right setting for the theory of semisimple Frobenius manifolds is 
the theory of hierarchies of integrable PDEs. 



Frobenius manifolds were introduced by one of the authors |^ as a coordinate-free 

2B[ . We refer the reader to ETI, 



form of the WDVV associativity equations 



109|| for the details of the theory of Frobenius manifolds. In the mathematical literature 
Frobenius manifolds are best known in quantum cohomologies, i.e., in the theory of the 
genus zero Gromov - Witten invariants of smooth projective varieties or, more generally, 
of compact symplectic manifolds |pl, ^, |T! 



11311 , although many ingredients of the 



theory of Frobenius manifolds already appeared in the singularity theory as a natural 
geometrical structure on the base of the universal unfolding of an isolated hypersurface 
singularity ||129| , |109| , p3| . Another source of Frobenius manifolds is the geometry of 
the orbit spaces of finite Coxeter groups 



39, 40| and their generalizations pOl u\. The 



notion of flat coordinates on the orbit spaces discovered in | |131| , |13CI| ] was important 
in these constructions. The Frobenius manifolds of the singularity theory and of the 
theory of reflection groups are always semisimple. The origin of semisimplicity in 
quantum cohomology is still to be understood ||139| , |]. 

In certain cases mirror symmetry constructions, or the Arnold - Brieskorn corre- 
spondence between ADE Weyl groups and simple hypersurface singularities establish 
relationships between different classes of examples of Frobenius manifolds. However, 
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the general unifying principle of the theory of Frobenius manifolds eventually covering 
also the theory of Gromov - Witten invariants of higher genera is still missing. 

Our suggestion is that, the right framework of the theory of Frobenius manifolds 
of all genera is the theory of integrable PDEs along with all main ingredients of this 
theory, i.e., bihamiltonian structures, tau-functions, Virasoro symmetries, W-algebras 
etc. (an expert in the theory of integrable systems may have his own opinion about 
how should this list of "main ingredients" be continued). 

It has already been proven in that all the genus zero topological recursion 
relations for the so-called descendents can be correctly reproduced starting from an 
arbitrary Frobenius manifold. Dispersionless integrable hierarchies were crucial in this 
reconstruction theorem (see also | 146 |). Bihamiltonian structure for these hierarchies 
was discovered in [R^, EI]. The next important step has been done in |ET|. It was 



shown that also the genus one topological recursion relations ||146|| together with the 
E. Getzler's defining relation for elliptic Gromov - Witten invariants can be re- 



produced starting from an arbitrary semisimple Frobenius manifold. Using this result 
the Virasoro conjecture of T. Eguchi et al. [^, |5^, |5^ was proved in up to genus 
one approximation (see also ||101| , BUI for an alternative approach to the theory of 
Virasoro constraints in quantum cohomology). 

In 



)1[ topology of |I4 



72| was used to uniquely recover the first order integrable 

In principle this approach can 



perturbation of the dispersionless hierarchy of 
be extended also to higher genera (see |^3| where the genus two topological recursion 
relations and other identities in the cohomology of M.g,n for < 2 ^ were used in 
order to compute the genus 2 free energy in topological sigma models with two primaries 
and also | J10(j|| where a full system of equations for the genus two Gromov - Witten 
potential has been obtained in the general case). We now want to change completely the 
setting. Instead of using topology for constructing integrable hierarchies, as it was done 
in ^ we want to develope an approach to the problem of classification of integrable 
hierarchies eventually reproducing all the universal identities between Gromov - Witten 
invariants and their descendents of all genera even for those integrable hierarchies that 
a priori have nothing to do with topology. 

The main result of this paper is a system of four axioms of the theory of integrable 
hierarchies of the form ( |1.1|) that can be used as the basis of the classification of 



these hierarchies. We prove that, under assumption of semisimplicity these axioms 
allow to uniquely reconstruct the whole structure of the hierarchy starting from the 
dispersionless limit e — >■ 0. We are also able to correctly reproduce, starting from our 
axioms, essentially all known universal identities for the Gromov - Witten cocycles and 
their descendents in H*{Aig^n) written as differential constraints for the tau-function 



of the hierarchy. 
S. Xiong 



59 



In particular, we prove the 3g — 2-conjecture of T. Eguchi and C.- 
and reproduce the correct shape of the Virasoro constraints, derive the 
formulae for the genus 1 and genus 2 Gromov - Witten potential expressing them in 
terms of the genus one (cf. [^, ^) etc. Let us emphasize again that, all this has 



been done for an arbitrary semisimple Frobenius manifold. It remains an open problem 
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to figure out what could be the meaning of our integrable hierarchies for other classes 
of Frobenius manifolds, e.g., in the singularity theory. 

To explain our axioms let us first recall some features of KdV crucial for our clas- 
sification project. 

One of the starting point of the KdV theory was the discovery |p.l8|| of an infinite 
family of commuting evolutionary PDEs commuting with ( |1.2| ), 

— = is:,- u, M^, . . . , , — — = — — 1.3 

with some polynomials Kj, j > 0. For j = one obtains the spatial translations 

du du 
dto dx ' 

for j = 1 ( |1.3| ) coincides with ( |1.2|) , other equations of the so-called KdV hierarchy 
( p..3|) are more complicated. E.g., 

Qf^=^uu+-i2uu +UU ) + —u . 



They are obtained by a suitable recursion procedure 118, M. The latter has been rep- 



resented |1U4| in the bihamiltonian form: the equation of the hierarchy are considered 



as flows on the space of functions u{x) hamiltonian w.r.t. two Poisson brackets { , }i 
and { , }2 



du ...... / . 1^ ^ 



{uix),H,h= + Ha;),//,_i}2, (1.4) 

/ 1 / /// 

{u{x),u{y)}i = 6'{x-y), {u{x),u{y)}2 = u{x)6'{x-y) + -u'{x)6{x-y) + —6"'{x-y). 

(1.5) 

The crucial property in the definition of a bihamiltonian structure is compatibility of 
the pair of the Poisson brackets: 

ai{ , }i + , }2 

must be a Poisson bracket for arbitrary constant coefficients ai, 02. The Hamiltonians 
are local functionals 

to be determined recursively from (|1.4|) starting from the Casimir 



H_i = J udx. 

Explicitly, 

ho = — + e^ — , hi = — + —(u' +2uu") + e* . 

"2 12' 6 24^ ' 240' 



4 2 
W e% ,2 , 2 /, 



+ 7^(3^"' + 4m'm"' + 2n n'^) + 



-u 



VI 
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This observation is the starting point of our study: what we are classifying is not 
just a single integrable PDE ( |1.1|) but a hierarchy of integrable PDEs produced by a 
bihamiltonian recursion procedure. To say the same thing in a shorter way: we want 
to classify bihamiltonian structures of integrable PDEs of the form (|1.1|). This distin- 



guishes our approach from the symmetry analysis technique (see ||134|| and references 
therein) or from the Painleve test (see and references therein) proved to be pow- 
erful in classification of integrable PDEs of low orders. Our approach differs also from 

150| and references therein) 



see 



the perturbative method of V.E. Zakharov et al. 
where nonlinear integrable perturbations of linear systems were studied. 

We impose three additional constraints onto the bihamiltonian structure. The first 

For the example of the KdV hierarchy this means 
m(x + to? tl, ^2, • • •) of the hierarchy the densities of 



one is existence of a tau-function [|T7 
that, for an arbitrary solution u 
the Hamiltonians can be represented in the form 



/i,(n,u.,...,M(2^+2)) 



2<92 logr(a; + to,ti,t2. 



dxdt 



(1.6) 



for some function t{x + to,ti 
known formula 



t2, . . .). In particular, for j = —1 one obtains the well- 



u 



logr 



Existence of a single tau-function is a rather strong restriction onto an integrable 
hierarchy (cf. [|115|| where such a tau-function was constructed for generalized integrable 
hierarchies of KdV and affine Toda type). This restriction corresponds to the choice 
of a primitive conjugacy class in the Weyl group in the setting of the theory of 
generalized Drinfeld - Sokolov hierarchies. 



According to the conjecture by E.Witten ||146|| proved by M.Kontsevich |^0[, the 
logarithm of the tau-function of the particular solution of the KdV hierarchy specified 
by the initial data 



u\t,=o 



X, 



logr = if^ + ^ 
^ e^\6 6 



''0 ''1 _|_ '^0 '^1 _|_ ''0 ^1 _|_ 



to t2 tg tl t2 



6 



to tl t2 



_|_ '-O ^2 _|_ 



40 



120 



to tl t. 



6 



24 



+ 



/3 
^1 



^1 



tl tf 
+ 1 — + — + — + — + 
' 24 48 72 96 



30 

to t2 



24 



' 48 



+ 



to tl t3 

16 



tn t4 

144 



/ 7/3 

2 1 ' ^2 



7tit^ . 29t2t 



1440 



288 



+ 



2 ''S 



5760 



+ 



720 



+ . . . 



_l_ to tl t2 ^ to tl t2 ^ to tg 



12 



29tit2 h 
1440 



24 



29 tl t2 t3 ^ 5 to t\ t3 



576 



144 
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29 t(j 29 ^1 ^3 ^4 ^1 ^4 ^1 ^4 ^1 ^4 H ^0 ^2 ^4 



+ ^fr:r^ + — ttt + -777- + + ^ + 



5760 1152 1152 384 192 96 1440 

11 tp ti t2 ^4 17 tg t3 t4 ^ _|_ (^l- 4\ 

288 1920 ■ ■ 7 ^ 

coincides with the generating function of the intersection numbers of the Mumford - 
Morita - Miller classes in H*{M.g^n)- Here M.g,n is the moduli space of stable algebraic 
curves of genus g with n punctures, 

logr = 5^e^^-^^„ 

^9 = Y.-^^v.■■■tvr. [ c?^(/:i)A...Ac?"(/:„) 

where £j is the tautological line bundle over the moduli space corresponding to the i-th 
puncture. In this setting different powers of the small dispersion parameter e in the 
KdV correspond to the contributions of different genera g. In other words, the small 
dispersion expansion coincides with the genus expansion. In the physical literature on 
topological field theory the parameter e is called string coupling constant. 

The first two assumptions, i.e., existence of a bihamiltonian structure and of a 
tau-function of the integrable hierarchy imply that the dispersionless limit e ^ is 
described by a Frobenius manifold structure on the space of dependent variables of 
the hierarchy (see Section p.5| below) or by a degenerate Frobenius manifold structure. 
The dispersionless hierarchy itself is reconstructed by the Frobenius manifold structure 
according to the construction of (we call it Principal Hierarchy in Section p.6| 
below). The Principal Hierarchy possesses all the universal properties observed in 
the theory of weak dispersive limits of integrable PDEs [0, ^ |3^, |93|, |1371 , |T0|. 
(We consider here only the formal geometric side of the theory of weakly dispersive 
integrable PDEs. We refer the reader to the papers of P. Lax, D. Levermore, S. 
Venakides, see |^ and references therein, for the analytic side of this theory. We hope, 
however, that our geometric analysis could be useful also for the analytic theory.) 

The next step is the main one: we are to reconstruct the full hierarchy ( |1 . 1|) together 
with the bihamiltonian structure starting from their dispersionless limit. (We do not 
consider in this paper the hierarchies corresponding to degenerate Frobenius manifolds. 
We plan to do it elsewhere.) The assumption of semisimplicity is to be added at this 
point. From the point of view of integrable systems semisimplicity ensures complete 
integrability, i.e., completeness of the family of commuting integrals (see Section p.6.5| 
below). The last two axioms are used to provide uniqueness of the reconstruction. 

The axiom 3 is the most disputable one. We call it quasitriviality of the hierarchy. 
Before explaining this axiom we are to formulate in a more precise way the classification 
problem. We study bihamiltonian PDEs depending on a formal small parameter e 
represented (formal) small dispersion expansion 

n 

ui = Y, A){u)ui + e'^Ky.u- u,,..., u^'+''>), z = 1, . . . , n (1.7) 

j=l k>0 
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where Ux, ■ ■ ■ ,u^^~^^^) is a polynomial in the derivatives weighted homogeneous 

of the degree k + 1. It is understood that the m-th derivative m*'"'"^ has degree m. We 
classify these PDEs and their local bihamihonian structures w.r.t. the Miura group of 
transformations of the form 



u 

fc>0 

where the coefficients Fy^-^{u]Ux, ■ ■ ■ ,u^''^) are homogeneous polynomials in the deriva- 
tives of the degree k and 

The problem of classification can be presented as the problem of description of normal 
forms of integrable PDEs w.r.t. the transformations ( |1.8|) . The Miura group acts 
also on local translation invariant Poisson brackets of systems of the form ( p..7[ ). We 
call them (0,n)-brackets (see the definition in Section 2.4.3 below). It turns out that, 
at least over complex numbers all (0,n) Poisson brackets are equivalent w.r.t. Miura 
group. This important technical step of our theory is based on the differential-geometric 
theory, due to S.P. Novikov and B. Dubrovin of the so-called Poisson brackets 



of hydrodynamic type and also on the triviality of the Poisson cohomology of these 
brackets proved by E. Getzler |]75[ and also by L. Degiovanni, F. Magri, V. Sciacca 
poll [|. The main object of our study is the problem of normal forms of bihamiltonian 
structures of systems ( \l.Ti ) w.r.t. the Miura group. 

An integrable hierarchy (|1.7|) is called trivial if it can be obtained, together with 
the underlined bihamiltonian structure, from the dispersionless limit e = by action 
of a transformation of the form ( |1.8| ). It is called quasitrivial if the same is true w.r.t. 
a transformation 

^ Fl,^iu) + ^^"''^) (1-9) 

A:>0 

where the coefficients are rational functions in the derivatives. The quasitriviality prop- 



erty seems to be unobserved even in the theory of the KdV equation (|1.2|) . We prove 
it in Section |3.8| . The quasitriviality transforming the hierarchy of the dispersionless 
KdV 

Ut = UUx 

to the full KdV together with the bihamiltonian structure etc. reads 

M ^ M + — logM^l +eM ^ T +0e^. 1.10 

24^ ^ Vi152m'2 1920m'^ 360m'Vxx 

The reader easily recognizes in ( iLlOl ) the genus expansion of the topological gravity 
written in the form suggested by R. Dijkgraaf and E. Witten |2^ (see also |]85| , 



^The problem of normal forms of Poisson brackets of PDEs was studied also in |114]. However, a 
more general class of admissible transformations was considered. This simplified the solution of the 
classification problem. 
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So, with respect to the group of rational Miura transformations (|1.9| ) the normal forms 



of all our hierarchies are just the dispersionless Principal Hierarchies; the reducing 
transformation (|1.9| ) is the candidate for the role of the genus expansion. 

Indeed, we prove that, choosing in a clever way the dependent variables of the 
hierarchy the reducing transformation ( |1.9|) is expressed via second derivatives of the 
e-expansion of the logarithm of the tau-function of the hierarchy. Moreover, we prove, 
using that the Poisson pencil depends polynomially in the derivatives, that the latter 
must have the form 

log r = + Yl ^''^'•^.(«; «^''~'^)- (1-11) 

The terms with g > 1 of the expansion of the reducing transformation do not depend 
on the choice of solution of the hierarchy. In the setting of topological sigma-models 
( [L.ll|) coincides with the so-called 3g — 2-conjecture of |^ (see also |]53| ). 



The last axiom is used to uniquely fix the terms of the expansion ( |1 . 1 1| ) . It is 



based on study of symmetries of the integrable PDEs. First we prove, in Section p. 10.1 



that the Principal Hierarchy always admits a rich algebra of infinitesimal symmetries 
isomorphic to the half of the Virasoro algebra. Due to quasitriviality these symmetries 
can be lifted to Virasoro symmetries of the full hierarchy. We require that the gener- 
ators of the action of the half of the Virasoro algebra by symmetries of the hierarchy 
act linearly onto the tau-function of the hierarchy. For the KdV example the action of 
the generators of the Virasoro algebra by symmetries of the hierarchy is given by the 



following formulae |^6|, |65 
where 



6mT = L^T, m > -1 (1.12) 
L-i = '^tpdp^i + —^tl 



2e2 
p>i 

Lo = J2(p+l)tpdp + j- 



p>0 

L, = J2(p+l) (p + I) ipdp+1 + jd^o 
p>0 ^ ^ ^ ^ 



with dk = The Witten - Kontsevich tau-function (|L^) is uniquely specified by 
the following system of Virasoro constraints 

LmT=\{[] + -\ dm+iT, m > (1.13) 

j=i V / 
L_ir = doT. 
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We call this last axiom linearization of the Virasoro symmetries. A surprizingly 
looking consequence of this axioms says that, under certain assumption of monotonic- 
ity the tau functions of all analytic solutions to our hierarchies are annihilated by 
an appropriate linear combination of the Virasoro symmetries and the flows of the 
hierarchy. 

We also use the axiom of linearization of the Virasoro symmetries to define a set of 
defining equations for our integrable hierarchies. Using universality of the coefficients 
of expansion of 

AJ^iu; u,, u,,, ...■e') = J2 ^''''J^gi^; ^x, • • • , w^'^"'^) (1-14) 

we derive a kind of loop equation (|3.10.113|) for the function ( |1.14| ) on the jet space 
(regarding loop equations and their applications in matrix models and in topological 
gravity see |l|, ^ |6^)- Universality of AJ^ as a function on the jet space is used in 
order to develop a machinery of perturbative solution of loop equation. In particular 
it allows to fix ambiguities inavoidable in the standard approach to the loop equation 



107|| and to prove uniqueness of the reconstruction of the integrable hierarchy starting 



from an arbitrary semisimple Frobenius manifold. 



2 Normal forms of Hamiltonian structures of evo- 
lutionary systems 

2.1 Brief summary of finite-dimensional Poisson geometry 

Let P be a A^- dimensional smooth manifold. A Poisson bracket on P is a structure of 
a Lie algebra on the ring of functions JF := C^^P) 

f,9^ {f,9}, 

{g, /} = -{/, g}, {af + bg, h} = a{f, h} + b{g, h}, a, b e RJ, g, h e (2.L1) 

{{/, g}, h} + {{h, /}, g} + {{g, h}, /} = (2.L2) 
satisfying the Leibnitz rule 

{fg,h} = f{g,h} + g{f,h} 

for arbitrary three functions f,g,hE T . In a system of local coordinates x^, . . . , 
the Poisson bracket reads 

(summation over repeated indices will be assumed) where the bivector h^^{x) = —h^^{x) 
= {x\ x^} satisfies the following system of equations equivalent to the Jacobi identity 
( CT) 

f)h^i f)h^i f)h^^ 

{{x\x^},x'^} + {{^\x^},x^} + {{^\x'},x^} ^ ^h^>'+^h^^ + ^h^^ = (2.L4) 
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for any j, k. Such a bivector satisfying ( p.l.4|) is called Poisson structure on P. 

Clearly any bivector constant in some coordinate system is a Poisson structure. 
Vice versa locally all solutions to (|2.1.4| ) of the constant rank 2n = ik{W^) can be 
reduced, by a change of coordinates, to the following normal form 

with a constant nondegenerate antisymmetric 2n x 2n matrix h = h"-^ . That means 
that locally there exist coordinates ?/^, . . . , i/^", c^, . . . , c'^, 2n + k = N, s.t. 

and 

{/,c^} = 0, j = l,...k (2.1.6) 

for an arbitrary function /. 

For the case 2n = N the inverse matrix (hij{x)) = (Jf^{x)) ^ defines on P a 
symplectic structure 

n = J2 hij{x)dx' A dx\ fi" ^ 0. 

For 2n < N one obtains on P a structure of symplectic foliation P = UcqPcq, Cq = 
(cj, . . . Cq), of the codimension k = N — 2n 

Pe„ := {x I c\x) =cl,..., c\x) = Co'}. (2.1.7) 

The independent functions c^(x), . . . , c'^{x) defined in (|2.1.6D are called Casimir func- 
tions, or simply Casimirs of the Poissson structure. Every leaf Pcq is a symplectic 
manifold, and the restriction map C°°{P) C°°(Pc(,) is a homomorphism of Lie alge- 
bras. 



Example 2.1.1 Let g be n- dimensional Lie algebra. The Lie - Poisson bracket on the 
dual space P = Q* reads 

{x\x^} = dix\ (2.1.8) 

Here are the structure constants of the Lie algebra. The Casimirs of this bracket 
are functions on q* invariant with respect to the co- adjoint action of the associated Lie 
group G. The symplectic leaves coincide with the orbits of the coadjoint action with the 
Berezin - Kirillov - Kostant symplectic structure on them. 

An arbitrary foliation P = U^^P^^ of a codimension m represented locally in the 
form 

P^„ = {a;|0i(x)=</.J,...,r(x)=C} 

will be called cosymplectic if the m x m matrix {0'^, 0^} does not degenerate on the 
leaves. In this situation a new Poisson structure { , }d can be defined on P s.t. the 
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functions are Casimirs of { , }d- This is the Dirac bracket given exphcitly by 

the formula 

{/, 9}d = {/, g} - J2if, rnr, <p'}-'{<p\ g}- (2.1.9) 

a,b 

It can be restricted in an obvious way to produce a Poisson structure on every leaf. 
The restriction map 

{C-{P),{, })^{C-{P^o)d, }d) 
is a homomorphism of Lie algebras. 

A Poisson bracket defines an ( ant i) homomorphism 

Vect{P) 

H^Xh:={-,H}, (2.1.10) 

Xh is called Hamiltonian vector field. The corresponding dynamical system 

rlT-f 

= h'K^)^ (2.1.11) 

is called Hamiltonian system with the Hamiltonian H{x). It is a symmetry of the 
Poisson bracket 

LtexA , } = 0. (2.1.12) 

The last one is the notion of Poisson cohomology of (P, { , }) introduced by Lich- 
nerowicz |]98|. We need to use the Schouten - Nijenhuis bracket. Denote 

= H\P,A''TP) 

the space of multivectors on P. The Schouten - Nijenhuis bracket is a bilinear pairing 

a,b i-^ [a, b], 

A'^ X A' ^ A'^^'-^ 
uniquely determined by the properties of supersymmetry 

[6,a] = (-l)^''[a,6], a G A^ 6 G A' (2.1.13) 

the graded Leibnitz rule 

[c, aAb] = [c,a]Ab+ {-lY^+^a A [c, 6], a G A^ c G A' (2.1.14) 
and the conditions [/, (?] = 0, /, (7 G A° = JF, 

[vj]=v'^, veA' = Vect{P), /gA° = ^, 

[fi,f2] = commutator of vector fields for vi,V2 G A^. In particular for a vector field v 
and a multivector a 

[v, a] = LiCyQ. 
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Example 2.1.2 For two bivectors h = Qt^) and f = (/*■') their Schouten - Nijenhuis 
bracket is the following trivector 

rth"^] f)pj r)h^i rlfki f)Ujk afjk 

[h, ff^' = + ^h^' + + -Irh'' + -^r + -1^^''- (2.1.15) 

ox'^ ox^ ox^ ox^ ox^ ox^ 

Observe that the l.h.s. of the Jacobi identity ( ^.1.4\ ) reads 

{{x\ x^}, x"} + x'}, x^} + {{x^, x"}, x'} = ^ [h, hX^K 



The Schouten - Nijenhuis bracket satisfies the graded Jacobi identity [p.21|| 

(-l)^'"[[a, h],c] + (-l)'™[[c, a], h] + {-lf[[h, c], a] = 0, a G A^ 6 G A', c G A"*. 

(2.1.16) 

It follows that, for a Poisson bivector h the map 

Q.^k ^ ^fc+l^ ^ ^1 (2.1.17) 

is a differential, 9^ = 0. The cohomology of the complex (A*, 9) is called Poisson 
cohomology of (P, { , }). We will denote it 

H*iP,{,}) = ®k>oH'iPAA)- 

In particular, H^{P., { , }) coincides with the ring of Casimirs of the Poisson bracket, 
H^{P, { , }) is the quotient of the Lie algebra of infinitesimal symmetries 

V G Vect{P), Lie^{ , } = 

over the subalgebra of Hamiltonian vector fields, H'^{P, { , }) is the quotient of the space 
of infinitesimal deformations of the Poisson bracket by those obtained by infinitesimal 
changes of coordinates (i.e., by those of the form Liev{ , } for a vector field v). 

On a symplectic manifold (P, { , }) Poisson cohomology coincides with the de Rham 
one. The isomorphism is established by "lowering the indices": for a cocycle a = 
(a*i G A'' the A;- form 



ujii,„i^dx'' A ... A ^ia;'^ (^h...ik = K^j^ 



n<...<ifc 



is closed. In particular, for P = ball the Poisson cohomology is trivial. In the general 
case rk{h^^) < dim P the Poisson cohomology does not vanish even locally (see @). 
We will prove now a simple criterion of triviality of 1- and 2-cocycles. 

Lemma 2.1.3 Let h = {h^\x)) be a Poisson structure of a constant rank 2n < N on 
a sufficiently small ball U. 1). A one-cocycle v = (f*(a;)) G H^{U,h) is trivial iff the 
vector field V is tangent to the leaves of the symplectic foliation (\2.1.1\ ). 2). A 2-cocycle 
f = {f'^{x)) G H^iU, h) is trivial iff 

f{dc,dc")=0 (2.1.18) 

for arbitrary two Casimirs of h. 
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Of course, the statement of the lemma can be easily derived from the results of ||98 



Nevertheless, we give a proof since we will use similar arguments also in the infinite 
dimensional situation. 

Proof 1). For a coboundary v = df and for any Casimir c of h we have 

d^c = {c, /} = 0. 

This means that v is tangent to the symplectic leaves (|2.1.7|) . To prove the con- 
verse statement let us choose the canonical coordinates x = {y^, . . . , y^", c^, . . . , c^) 
reducing the bracket to the constant form ( p. 1.51) . Here c^, are indepen- 

dent Casimirs p.l.GI ). In these coordinates v = {v^, . . . , w^", 0, . . . , 0). The 1-form 
u = {ui,..., uj2n, 0, . . . , 0) given by 

2n 

j 



Ui = y tiijV 



has the property 

Mpco = 0. 
Therefore a function g locally exists s.t. 



2n 



i=l a=l 

for some functions 0i, . . . , (pk- This function is the Hamiltonian for the vector field v. 

2). We will again use the canonical coordinates for h as in the proof of the first 
part. For an exact 2-cocycle f = dv and arbitrary two functions c', c" 

f{dc', dc") = -{c', v'}dic" - dic'{v\ c"}. 

This is equal to zero if c' and c" are Casimirs of the bracket h. 

To prove the converse statement we first consider, for every a = 1, . . . , k, the vector 
field w (depending on a) 

w' = r, i = l,...,N. (2.1.19) 

From ( p.l.l8| ) it follows that w is tangent to the symplectic leaves of h. The cocycle 
condition 

= [h, f]"'^ = d^rh^^ + dkP'^h^' = (dwY^ (2.1.20) 

implies dw = 0. According to the first part of the lemma, there exists a function q°-{x) 
s.t. w = dq"^: 

f'^ = h^'^dhq", a = l,...,k. (2.1.21) 
Let us now change the cocycle by a coboundary 

f^f + dz 
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where the vector field z is given by 



a=l 



After such a change, due to ( |2.1.21|) , we obtain 



r = r = o, 2 = 1,. ..,iv. 

The rest of the proof repeats the arguments of the first part. The 2-form 



"in 

hikhijf'^'' 



is closed along the symplectic leaves. Hence there exists a 1-form = (0j) s.t. 

UJ = d(f) + UJ 

where every monomial in u contains at least one dc"" for some a. Therefore 

f = du 

for the vector field 



2n 
k=l 



h'''(j)k, i = 1, . . . , 2n, u' = 0, i > 2n. 

k=l 

The lemma is proved. □ 
2.2 Formal loop spaces 

Let M be a n-dimensional smooth manifold. Our aim is to describe an appropriate 
class of Poisson brackets on the loop space 

C{M) = {S^ M}. 

In our definitions we will treat C{M) formally in the spirit of formal variational calculus 



of p2|, |T9|. We define the formal loop space C{M) in terms of ring of functions on it. 
We also describe calculus of differential forms and vector fields on the formal loop 
space. In the next section we will also deal with multivectors on the formal loop space. 

Let f/ C M be a chart on M with the coordinates u^, . . . , u". Denote A = A{U) 
the space of polynomials in the independent variables u*'*, i = 1, . . . ,n, s = 1,2, . . . 

f{x- u- u^, u^^, ...):= ^ /nsi,..;i„s,„(x; u)u'^''^ . . . M*™'^™ (2.2.1) 

m>0 



16 



with the coefficients m) being smooth functions on x M. Such an ex- 

pression will be called differential polynomial. We will often use an alternative notation 
for the independent variables 



Observe that polynomiality w.r.t. u = {u^, . . . is not assumed. 
The operator dx is defined as follows 

We will often use the notation 

f^^^ := d^f. (2.2.3 



The following identities will be useful 



d d 

d ^ ^ d d 



^ . dx = dxTT— + ^ ■ T (2.2.5 
We define the space 

A,o = -^/R, = A,o dx, 

the operator 

d : ^0,0 df := d^f dx (2.2.6 

and the quotient 

Ao = Ao,i/dAo,o- (2.2.7 
The elements of the space Aq will be written as integrals over the circle 

/:=/ /(x; MxeAo (2,2,8 

We will use below the following simple statement. 

Lemma 2.2.1 If j fgdx = for an arbitrary g E A then f E A is equal to zero. 



The expressions ( p.2.8| ) are also called local functionals with the density f . The 
space of local functionals is the main building block of the "space of functions" on the 
formal loop space. The full ring JF = JF(£([/)) of functions on the formal loop space 
by definition coincides with the tensor algebra of Aq 

= R © Ao © Ao©Ao © Ao©Ao©Ao © . . . (2.2.9) 

Elements of Aq"*^ will be written as multiple integrals of differential polynomials of k 
copies of the variables that we denote u^i^Xi), . . . , u'^{xk), ■u^(xi), . . . , u^Xk) etc. 

f{xi, . . .,Xk;u{xi), . . . ,u{xk);ux{xi), . . .,Ux{xk), . . .)dxi ...dxkE A^^. (2.2.10) 
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The short exact sequence 

^ A,o ^ A,i ^ Ao ^ 
(tt is the projection) is included in the variational bicomplex 



5 




s 




2,0 




2,1 


A A 


5 












1,1 


A A 


5 








0,0 




0,1 


A A 


s 




S 







( 


) 






Here Ak,i are elements of the total degree k + I in the Grassman algebra with the 



generators 5u 



l,S 



l,...,n, 5 = 0,1,2,... (observe the difference in the range of the 



second index of m*''^ and Su'^'^) and dx with the coefficients in A having the degree / in 
dx. We will often identify 

= 6u\ 



For example, every A;-form u G Ak,o is a finite sum 



(2.2.11) 



where the coefficients uJiisi-...-ikSk ^ ^''^^ assumed to be antisymmetric w.r.t. permu- 
tations of pairs ip, Sp ^ iq, Sq. 

The exterior differential in the Grassman algebra is decomposed into a sum d + 6. 
The horizontal differential 

d : Ak,o AkA 



is defined by 

where the derivation dx, 



du = dx A drU) 



(2.2.12) 



dxioJi /\UJ2) = dxUJl /\ UJ2 + UJi f\ dxOJ2 

is given by ( |2.2.2| ) on the coefficients of the differential form and by 
The elements of the quotient 



Afc = Ak,i/dA, 



k,0 
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will be called (local) k-forms on the loop space, fc-forms will also be written by integrals 

J dx Acu E Afc, CO E Ak,o- 

Example 2.2.2 Any one-form has a unique representative 

dx A (piSu' (2.2.13) 



(use integration by parts). 

More generally, for every /c-form u written as in ( |2.2.11| ) 

dx Au dx Au {mod d{Ak,o)) 



where 



Co = jj^—y Cui,,i,,,._i^sM' A Su'^^'^ A ... A Su'"^''^ (2.2.14) 



(s-r2-...-rfc) 



< n < Sz ^>^2 + ...+rfe 

2<l<k 



here 



(2.2.15) 



r2 ■■■ Tk J ra! . . .rfc!(s - - ... - r^)! 

stands for the multinomial coefficients. The coefficients u}ii-i2S2;...;ikSk will be called 
reduced components of u. They are antisymmetric w.r.t. pairs i2,S2, ik, Sk but 
with the permutation of ii and Z2 they behave as 



^i2\ilS2\---\ikSk 



t \ ,~it-S2-t3-----tk) 

52^3 • • • tk 



^h;i2S2\i3,S3-ti\...;ik,Sk-tk 



< t« < *>^2+t3 + ...+tfe 

3 < / < A; 

(2.2.16) 

We now define vertical arrows of the bicomplex. For a monomial 
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put 

6uj = Y^ ^-Jl^^''' ^ ^ • • • ^ (2.2.17) 



s>0 

where we denote 

d d 



du^'^ ' dui' 
This gives vertical differential 5 : Ak,o -Ak+ifl, 

6^ = 0. 

The map 6 on Ak,i is defined by essentially same formula, 6dx = 0. Anticommutativity 

6d = —d6 

justifies action of 6 on the quotient A^. 

Example 2.2.3 On Aq the differential 6 acts as follows 



6 



lfdx = ldxA (Y^i-iyO:-^^ 6u^ (2.2.18) 



(the Euler - Lagrange differential) . We will use the notation 



:= (2.2.19) 



5uHx) ^ du 
for the components of the 1-form, f = j f dx 



Theorem 2.2.4 ( ||19|| ) For M = ball both arrows and columns of the variational bi- 
complex are exact. 



Example 2.2.5 A necessary and sufficient condition for 

is the existence of a differential polynomial g = g{x; u; Ux] ■ ■ ■) such that f = dxg. 

Let us now consider the space A^ of vector fields on the formal loop space. These 
will be formal infinite sums 

fc>0 
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where we denote 

d d 



The derivative of a functional / = / f{x\ u; Ux, ■ ■ ■)dx G Aq along ^ reads 
The Lie bracket of two vector fields is defined by 

+ X] ( ^ f)rr + f),,j,t ~ f),,j,t I p,„Ls (2.2.21) 



s>0 



Evolutionary vector fields a are defined by the conditions of vanishing of the d/dx- 
component and the commutativity 

[d^,a] = 

They are parameterized by n-tuples a^, . . . , a" of elements of A as follows 

d 



^ = ^29^7^- (2.2.22) 



s>0 

The corresponding system of evolutionary PDEs reads 

, i = l,...,n. (2.2.23) 



') "'Xj "'XX} 



In particular, an evolutionary vector field a is called translation invariant if the coeffi- 
cients a* do not depend explicitly on x, 

da' 

— = 0, 1 = 1, ...,n. 

ox 

The contraction i^u of a /c-form u G Ak,o given by (|2.2.11|) and a vector field ^ is a 
{k — l)-form defined by 

= A ... A ^^^--^-^ (2.2.24) 

As usual 

for two vector fields ^, rj. For a form uo G Ak,i the contraction i^uo G Ak-i,i is defined 
by essentially same formula provided the vector field ^ contains no d / dx-ieim. It is an 
easy exercise to check, using ( ^.2.5] ), that for an evolutionary vector field a 

dia + iad = 0. (2.2.25) 

It readily follows that contraction with evolutionary vector fields is well-defined on the 
quotient ia : Ak ^ Afc_i. A more strong statement holds true 
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Lemma 2.2.6 Let uo G Ak,i- It belongs to d{Akfl) iff ia^ £ d{-A.k-i,o) for an arbitrary 
evolutionary vector field a. 



Proof We use induction in k. For = 1 we can choose a representative of the class of 
ui f\dx & Ki with the 1-form u given by ( |2.2.13| ). The contraction reads 



ia{dx/\uj) = — dxa^uji. 



Using Lemma p.2.1| we obtain c<jj = for all i. 



Let us assume validity of the lemma for any [k — l)-form. We will prove that the 
condition iaWAdx = G A^-i implies vanishing of all the reduced components ( |2.2.14|) . 
By induction the above condition is equivalent to 

ib^... ibja^^ Adx e d{Ao,o) 

for arbitrary evolutionary vector fields 62? ■ ■ ■ , bk- Integrating by parts we rewrite the 
last line in the form 

j a'<j)idx = (2.2.26) 

where 

<Pi — '^^i;i2S2\-;ikSk^x "2 ■ ■ ■ "k ■ 

From ( |2.2.26| ) it follows that 0i = for all i. Since ■ ■ ■ 1 bk are arbitrary differential 
polynomials, this implies c^i;i2S2;...;ifcSfc = 0- That means that the form uAdx is equivalent 
to zero, modulo d{Ak,o)- The lemma is proved. □ 



Corollary 2.2.7 A form u G ^^^i belongs to d(Akfl) iff 

«ai • • • e d{A) 
for arbitrary evolutionary vector fields ai, . . . , ak- 

Example 2.2.8 For the one-form u = 6 J f dx the contraction iaOJ reads 

f 

d———-dx G Aq. 

ou^[x) 

This is the time derivative of the functional f = J f dx w.r.t. the evolutionary system 
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Example 2.2.9 For a one-form u = uji6u^ A (ix G Ai the condition of closedness 

Suj = e A2 

reads 



t>s 



du 



i,t 



(2.2.27) 



for any i, j = 1, . . . ,n, s = 0, 1, .... This is the classical Volterra's criterion ^14 3^ for 
the system of ODEs 

cui(x; m; m^, u^^, . . .) = 0, . . . , u;„(x; U] u^, u^^, . . .) = 

to be locally representable in the Euler - Lagrange form 

5f 



5uHx 



■, i = l,...,n 



(use exactness of the variational bicomplex). 



Example 2.2.10 For a 2- form 



UJ = -LUis-jtSu''" A 5u^'\ 

the contraction with two evolutionary vector fields a and b can be represented in the 
form 

iaibUJ = -2 / a'ui-jsdlV dx (2.2.28) 



where 



It EM) 



t 

s — r 



T-=0 t>s—r 

are the reduced components ( ^.2.14\ )- The tilde will be omitted in the subsequent for- 
mulae. According to this we will often represent 2-forms in the reduced form 



dx Aio = iOi-jsdx A 6u^ A 6u^''^. 



(2.2.29) 



The reduced coefficients must satisfy the antisymmetry conditions ( ^.2.1(^ . They are 
spelled out as follows 

(2.2.30) 



t>s ^ ^ 



(integrate by parts in ( 2.2.28 ) and use arbitraryness of a and h). 
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Example 2.2.11 A 2- form dx A uj = 6dx A for 

= 



has the reduced representative ( \2. 2. 2!^) with 



,t-s ^V^J 



(2.2.31) 



Example 2.2.12 A 2- form ( \2.2.2di ) is closed, 5uj = 0, iS 

' t+s m—s t 



EE+ E E (-1)' 



m 
r s 



\m=s r=0 m>t+s+l r=0 , 

for any i, j , k = 1, . . .n, s = 0, 1, 2, . . .. 



am— r— s 



(2.2.32) 



Proof By definition 



duji 



S{uj) = y ^^5u' A 5u'^' A ^n'^'' A dx 



So 5c<j = means that for any three evolutionary vector fields 



d 



9 



the contraction iaibic^{dx A tu) G (i(v4o,o)5 i,©, 



9 



+ (a^')W 6' (c^)(') - (a^y^) (&'=)(') c'] dx = (2.2.33) 

Using integration by parts we get 
duJi 



Q^k,l 



[a'ih^f^ (c^y^) - a' iV)'^'^ (c^ 



duJi 
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The above identity is equivalent to 



duJi-j^s _ duJi-k,i 

(l+s m—l i 
EE+ E E I M)"^' ( ;: ) a 
m=l r=0 m>/+s+l r=0 

l+s m—s I 



Ir J 

HEE+ E E)(-ir( , 



\m=s r=0 m>l+s+l r=0/ 
' l+s m~l i 



Ir J V 5m*'™ 



+ EE+ E E M)" ' « 



\m=l r=0 m>/+s+l r=0/ 



Ir I \du^ 



+ EE+ E E M)"'*' " a 



\m=s r=0 m>i+s+l r=0/ 



;i,m 

r s ) V du^^^''' 



Now by using the antisymmetry condition ( p.2.30|) we see that the third term in the 



above sum is equal to the forth term, and by using the identity ( |2.2.5| ) and the anti- 
symmetry condition (|2.2.30|) again we see that the last two terms equal to the second 
and first term respectively. Thus we arrive at the proof of ( |2.2.32| ). □ 



Remark 2.2.13 The equations ( \2.2.3^ ) were derived by Dorfman in the theory of the 



so-called local symplectic structures f^D^, see also the hook / p7|/ , 



Corollary 2.2.14 Any solution to 2. satisfying i\2. 2. SIX ) can he locally repre- 
sented in the form ( ^.2.31\ ). 

This follows from exactness of the variational bicomplex. 

We will briefly outline necessary points of the global picture of functionals, differ- 
ential forms and vector fields on the formal loop space C{M) for a general smooth 
manifold M (i.e., not only for a ball). The corresponding objects must be defined for 
any chart [/ C M as it was explained above. On the intersections U (IV they must 
satisfy certain consistency conditions. For example, functionals in the charts U, V with 
the coordinates u^, . . . , u" and f \ . . . , f " are defined by densities fu{x; u; Ux, ■ ■ .) and 
fvix;v;vx, . . .) s.t. 

dv 

fvix; v(u); t^Ux, ■ ■ .)dx = fu(x; u; Ux, ■ ■ ■)dx (mod Imd). 
ou 

Such objects comprise the space Ao(M). As above, we obtain the ring of functions on 
the formal loop space taking the tensor algebra of Ao(M). One-forms in the charts f/. 
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V are described by their reduced components cuf and s.t., on U nV transform as 
components of a covector 



dv 



etc. The components of evolutionary vector fields transform like vectors 

^ _ ^ (2.2.34) 



dv dv ^ 

ay{x; v{u); — m^, . . .) = —alj{x; u; u^, ...). 



The contraction iadx A of a 1-form with an evolutionary vector field is well-defined 
as an element of Aq{M). 

The global theory of the variational bicomplex was developed in ||138||, ||142|. 



2.3 Local multivectors and local Poisson brackets 

We first define more general, i.e. non-local A;-vectors as elements of (A^)^'^. They will 
be written as infinite sums of expressions of the form 

a = ^ a'^'''-"'"'{xi, . . . , Xfc; u{xi), u{xk); u^{xi), u^{xk), . . .) 
kl 

d d 
X— —A... A— -— (2.3.1) 

du'^'^-^ixi) (9M*'.''*fc(xfc) 

(in this subsection we will consider only multivectors not containing d/dx). The coef- 
ficients must satisfy the antisymmetry condition w.r.t. simultaneous permutations 

^p; "5p) Iq, Sq, Xq. 

The exterior algebra structure on multivectors is introduced in a usual way: the product 
of a fc-vector a by a /-vector is a (fc -|- /)-vector 

(« A /3)^i^i'-'^'=^'^'^'=+i^'=+i'-'''=+'^'=+' (xi, . . . , Xk+u u{xi), . . . , u{xk+i)] ■ ■ •) 



x/5V(fc+i)^<.(fc+i);-;i<.(fc+o«<.(fe+o(a;,(fc+^), . . . , Xaik+i); uix^(^k+i)), M(a;.(fe+/)); • • •) 



(2.3.2) 



Example 2.3.1 Lie derivative of a k-vector a ^2. 3. j| j along a vector field ( ^.2.2Q) 
reads 



Lie^a'''''-'''^"' 

k 



E 

p=i 



d 



d 



dxp ' ^ ^ ^' du^p'^p{xp 



-a 



d^''P'''p{xp] . . - 

^-^ du^p'^p(xri) 
p=i ^ 



-E 



-a 



(2.3.3) 
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here we assume that ^° does not depend on u^'^. 

Definition. A /c-vector a is called translation invariant if 

LicQ^a = 

and 

+ ... + — )a^0. 



dxi dxk 



Lemma 2.3.2 Every translation invariant k-vector a has coefficients of the form 

= 0:^1 . . . d:,lA^^-'^{xi, . . . , Xfe; u{x,), . . . uixk);. . .) (2.3.4) 

where the differential polynomials A'i-"*'=(a;i, . . . ,Xk; u{xi), . . . , u{xk)', ■ ■ •) are antisym- 
metric w.r.t. simultaneous permutations 

tp^ Xp ^ ^ tq^ Xq 

and also they satisfy 

+t,...,Xk + t; u{xi), u{xk); . . .) = A'^-'^ixi, ...,Xk; u{xi), u{xk);. . .) 

for any t. 

The functions - . . . ; Xk] u{xi), . . . , u{xk)', ■ ■ ■) will be called components of 
the translation invariant /c-vector a. 

Translation invariant multivectors form a graded Lie subalgebra of the full graded 
Lie algebra of multivectors closed w.r.t. Schouten - Nijenhuis bracket. 

Example 2.3.3 The Lie derivative of a bivector a with the components 

A''^{x—y; u{x),u{y); . . .) along a translation invariant vector field a with the components 

a'^{u; Ux, ■ ■ ■) has the components 

. -Ag^^. _ M^fli-lc?:^'^ (2.3.5) 
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Example 2.3.4 Let a, (3 be two translation invariant bivectors with the components 
A^^{x - y;u{x),u{y);u^{x),u^{y), . . .) and B'^{x - y;u{x),u{y);u^{x),u^{y); . . .) that 
we redenote resp. Aljiy and B^Jy for brevity. The Schouten - Nijenhuis bracket [a, /?] is 
a translation invariant trivector with the components 

\ty BV^'^ ^ ^^^^,y fjST^lk I ^^x,y fss Alk , ^^x,y fss j^lk , ^^x,y fss /ilk 

dAf^ ,. dB'!i. ,. dA'lt ,. dBf^ 

^^i''z s li ^^tz s It ^MI'z s It '^^i^ s li 

For a translation invariant fc-vector a and k 1-forms uu^, . . . , lj'^, 
uj^ = ujfgSu''^ Adx e Ai,i, j ^l,...,k 

the contraction 

< a,u^ A . . . Alo'' > 

'res, 

^nsv,..,i,s,^^^^ . . . , Xfc; u{xi), uixk); . . .)dxi ...dx^e (2.3.7) 
is well defined on Af*^. 

Example 2.3.5 The value of a translation invariant k-vector a with the components 
j\ii-ik ffiQ 1-forms 5f^, . . . , 5p equals 



< a, 5/^ A ... A 5/^' > 
6f' 



I 



-A'^-'''{xi, . . .,Xk;u{xi), . . .,u{xk);. . .)dxi ...dxk 



5u'^^{xi) 5u^^{xk) 
e Kf. (2.3.8) 

The transformation law of components of translation invariant multivectors w.r.t. 
changes of coordinates on the intersection of two coordinate charts (f/, m^, . . . , u^) and 
iy^v^, . . . , f ") is analogous to the transformation law of components of multivectors on 
a finite-dimensional manifolds: 

Qv dv 

A^-'^'^ixi, ...Xk, v{u{xi)), v{u{xk)); —u^{xi), —u^{xk), ■ ■ ■) 

(2.3.9) 
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We now proceed to the main definition of local multivectors. Tliey are translation 
invariant multivectors a such that their dependence on xi, . . . , is given by a finite 
order distribution with the support on the diagonal Xi = X2 = ■ ■ ■ = Xk 

= J2 . . .)5^P'\x,-X2)5^P'\x,-Xs) . . . S^^^^x^-Xk). 

P2,P3,-,Pk>0 

(2.3.10) 

The coefficients i?*^ - *'=p25 • • • ,Pk{u{xi)]Ux{xi), . . .) are differential polynomials in A not 
depending explicitly on x. All the sums at the moment are assumed to be finite. In 
the next section we will relax this condition. Delta functions and their derivatives and 
products are defined by the formulae 

J f{y)5{x - y)dy = fix), J f{y)5^^\x - y)dy = f^\x) (2.3.11) 

j f{xi, Xk)S^^P'\xi - X2)6^P'\xi -X3)... S^P^^Xi - Xk)dx2 ...dxk 
— d^^ . . . d^'^fi^i, . . . , Xk)\xi=x2=...=xk- 



Lemma 2.3.6 The value ( 2.3.1 ) of a local k -vector a on k 1-forms , . . . , is given 
by 



< a,u^ A . . . Auj'' > 



^P2.V.pfe "^xx, ■ ■ -Pi {x; u; Ux, . . .)dP^ujl {x; u; Ux, . . .) 



. . . d^^Ui {x; u; Ux, . . .) dx e Aq. 



(2.3.12) 



It gives a well-defined polylinear map 



a:Af^ Ao 



In calculations with local multivectors various simple identities for delta-functions 
will be useful. All of them are simple consequences of the definition ( p.3.11|) . First, 

fiy)6^'\x -y) = i2(l) f^'\^)5^'~'\^ - y)- (2.3.13) 

Next, 

6{Xi - X2) . . .S{Xi - Xk) = S{X2 - Xi)6{x2 -X3) ... 6{X2 - Xk) = ... 

= 6{xk - xi) . . .6{xk - Xk-i). (2.3.14) 

Differentiating ( p.3.14| ) w.r.t. Xi, . . . , we will obtain relations between products of 
derivatives of delta-functions. 
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We leave as a simple exercise for the reader to prove that the space of local multi- 
vectors that we denote 



loc 



is closed w.r.t. the Schouten - Nijenhuis bracket. Warning: this space is not closed 
w.r.t. the exterior product! Because of this we were to introduce a wider algebra of 
multivectors to introduce the definition of the Schouten - Nijenhuis bracket according 
to the rules one uses in the finite dimensional case. 



Example 2.3.7 The component of a local bivector to has the form 



s>0 



(2.3.15) 

The value of the bivector on two 1-forms (j) = (piSu^ A dx and ip = ipidu^ A dx equals 



..A^Jd'^ijjjdx. 



(2.3.16) 



The conditions of antisymmetry of the bivector reads 



t>s ^ ^ 



(2.3.17) 



Proof Let us explain how to prove the antisymmetry condition ( |2.3.17| ). We must have 

^ («(i/); . . .)6^^\y -x) = -J2 • • - y)- 



Using 5(^)(y -x) = {-iy5^'\x - y) and (|XT|) we obtain ( gXTTl) . 



□ 



Remark 2.3.8 One can represent the bivector as 

A'-\u{x)] u^{x), - y). 
Here the differential operators A^^ are 

d d^ 
A'^{x- u{x)- M,(x), ■■■]-r) = y^ ^'s-r-s- 

dx ^ — ' '^^ 



(2.3.18) 



For local multivectors of higher rank the language of differential operators was used by 
Olver / pf . 
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Example 2.3.9 The Schouten - Nijenhuis bracket of the bivector 

w = h'^5{x - y), 



where h^^ is a constant antisymmetric matrix, with a of the form ( 2.3.11. ) reads 

(r) 



[w, al*^''^ 



x,y,z 



Qyl,S 



P) Aki 



+ S-(^Y+r+t(q + r + t\ ( dAt, \ 
^ L^^ ' \ q r J \du^''}+^+' J 



(r) 



{x — z). (2.3.19) 



Proof Substituting into (|2.3.6|) we obtain 



lijk 



dAnx) 



h^^6^''\x -y)6^'\x - z) 



dAl'iz 



Here Aj^'(x), (y), Af{z) stand for A^^ {u{x); . . .), Ai\u{y); . . .), A'l'{u{z); . . .) resp. 



Use the identities ( p.3.14|) 

5^^\z - x)5^'\z -y) = {-d^)\-dyy[5{z - x)5{z - y)] 

= {-d,y{-dyr[6{x - y)6{x - z)] = i-iy i^il) ^^^^'H^ - y)^^'''H^ - 

6'-''\y - z)6'-'\y - x) = - z)5{y - x)] 

= {-d.n-d.f[5{x - y)5{x - z)] = {-iyY,['\ - y)5^'+'^\x - z) 

and also ( |2.3.13| ) to arrive at ( ^.3.19|) . □ 



Definition. A local Poisson structure on the formal loop space is a local bivector 
w e Af„^ (12.3.151 ) satisfying [ccj, ro] = 0. 

Adopting the notations common in the physical literature we will represent the 
Poisson structure in the form 

{u\x)y{y)} = ^IH^)-^ uU^). ■ ■ - y)- (2.3.21) 

s 

The Poisson bracket of two local functionals / = / /(x; m; m^, . . .)dx and 

g = J g{x; u; u^, ■ ■ ■)dx can be written in the following equivalent forms (see above the 
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general theory of multivectors) 



{f,-9}=<zu,5fASg>= I j dxdy-^{u\x)y{y)} 




= i:/''-^^'4?(«^«^."— ■)(^)'"eA„. (2,3,22) 

Therefore it is again a local functional. 

The crucial property of local Poisson brackets is that, the Hamiltonian systems 

ul = -isH-^ = {u\x),H} = A'^{u-u,,u^^, . . ■)d:j^ (2.3.23) 
with local translation invariant Hamiltonians 



H = J H{u;Ux, ■ ■ ■)dx 



are translation invariant evolutionary PDEs ( |2.2.23|) . 



Living in the infinite dimensional loop space we will not impose conditions on the 
rank of the Poisson bracket. However, in the main examples the corank of the bivector 
will be finite. 

Example 2.3.10 For a constant antisymmetric matrix h^^ the bivector 

{u\x),u^{y)} = h'^{x - y) (2.3.24) 

is a local Poisson structure. It is called ultralocal Poisson bracket. This is a symplectic 
structure on the loop space iff deth''^ ^ 0. The Hamiltonian evolutionary PDEs read 

u, = h'^- 



SuHx) 



Reducing the nodegenerate matrix h^^ to the canonical form we arrive at the Hamilto- 
nian formulation of 1+1 dimensional variational problems 

i 6H . 6H 
(It = P 



6pi{x)' 5q'{x)' 

Example 2.3.11 For a constant symmetric matrix rj'^^ the bivector 

{u'{x), u^{y)} = r]'^6'{x - y) (2.3.25) 

is a local Poisson structure. Under the assumption det rf^ ^ this Poisson bracket has 
n independent Casimirs 

= J u^dx,...,u'' = ju'^dx. (2.3.26) 
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The annihilator of 3. 23i) is generated by the above Casimirs. 
The Hamiltonian evolutionary PDEs read 

5H 

' 6u^ (x 



ui = v'^d^^—j-^. (2.3.27) 



We finish this section with spelling out the transformation law of coefficients of local 
bivectors imposed by the general formula (|2.3.9| ). If Al^{u; u^, ■ ■ •) and A^''{v; v^, ■ ■ •) 



are the coefficients of a local bivector in two coordinate charts (f/, m^, . . . , m") and 
(V, t>^, . . . , f ") resp. then, on U (IV one has 



s>t 



^ J:{t)a^{a^) ). (2.3.28) 



Example 2.3.12 Applying the transformation 

1 



to the bivector 



u = -v'^ (2.3.29) 
4 



{u{x), u{y)} = u{x)6'{x — y) + -u'{x)6{x — y) (2.3.30) 



we 



obtain a constant Poisson bracket of the form 3. 23i ) 



{vix),viy)} = 6'ix-y). (2.3.31) 



Hence ^2.3. 3C\ ) is itself a Poisson structure. This is the Lie - Poisson bracket on the 



space dual to the Lie algebra of vector fields on the circle j^^. 



2.4 Problem of classification of local Poisson brackets 

The last example of the previous section is the simplest issue of the problem of reduction 
of local Poisson brackets to the simplest (possibly, to the constant one) form. In this 
example the reduction to the constant form was achieved by a change of coordinates 
in the target space M [M was one-dimensional). We give now another well-known 
example: to transform the bivector (the Magri bracket for the KdV equation) 

{u{x),u{y)} = u{x)6'{x -y) + ^u'{x)6{x - y) - 6"'{x - y) (2.4.1) 
to the constant form (|2.3.31|) one is to use the celebrated Miura transformation 

u=-v'^ + v'. (2.4.2) 
4 
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Our strategy will be to classify local Poisson brackets on the loop space £(M) (the 
target space M will be a ball in this section) with respect to the action of the group 
of Miura-type transformations. 

The problem of reduction of certain classes of Poisson brackets to a canonical form 



by coordinate transformations was first investigated in [^] for the Poisson brackets of 
hydrodynamic type and in for the so-called differential geometric Poisson brackets 
(see also and the references therein). Some results regarding reduction of the local 



Poisson brackets to the canonical form by using Miura - Backlund transformations were 
obtained inp, ||124|| , ||127|| (in the latter non translation invariant Poisson brackets 



were studied). 

We want to classify local Poisson brackets w.r.t. general Miura type transformations 
of the form 

= F\u]u^,u^^,...). (2.4.3) 

The problem is that these transformations do not form a group. The main trouble is 
with inverting such a transformation. E.g., to invert the Miura transformation one is 



to solve Riccati equation (p.4.2|) w.r.t. v. To resolve this problem we will extend the 
class of Miura-type transformations. Simultaneously we will be to also extend the class 
of local functionals, vector fields, and Poisson brackets. 



2.4.1 Extended formal loop space 

Let us introduce gradation on the ring A of differential polynomials putting 

degM^''^ = fc, > 1, deg/(x;M) = 0. (2.4.4) 

We extend the gradation onto the spaces Ak,i of differential forms by 

degdx = — 1, degdv!'^ = s, s > 0. 

The differentials d and 6 preserve the gradation. Introduce a formal indeterminate e 
of the degree 

dege = —1. 

Let us define a sub complex 

Ak,i C Ak,i ® C[[e], e-^], Afc C Afc ® C[[e], e"^] 

collecting all the elements of the total degree k — 1. In particular, the space of local 
functionals Aq consists of integrals of the form 



oo 

f{u]Ux,Uxx,---)='^e''fk{u;Ux,...,u'^''^), fk^A, degfk = k. (2.4.5) 



fc=0 
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We will still call such a series differential polynomials when it will not cause confusions. 
Taking the tensor algebra of Aq we obtain the ring of functionals on the extended formal 
loop space that we will denote L{M). The vertical differential 5 of the bicomplex must 
be renormalized 

5^5= -5. 
e 

As it follows from Theorem 1.2.1 the bicomplex {Ak,h ^) is exact 
The gradation on the vector and multivector fields is defined by 

d , d 

deg— = 1, deg-—— = -s, s > 0. 
ox OU'^'^ 

Observe that increases degrees by one: 

degd^f = deg/ + 1. 

The space A^ of vector fields on >C(M) is obtained by collecting all the elements in 
A^(8)C[[e], e~^] of the total degree 1. In particular, the translation invariant evolutionary 
vector fields are 

oo 

a* = ^ e'''^al{u; u^c, ■ ■ ■ , u^^^), 4 ^ A deg4 = k. (2.4.6) 

fc=0 

The corresponding evolutionary system of PDEs reads 
a\{u;u^) = v]{u)ul., 

4{u; u^, u^^) = bi{u)ui^ + -c)j,{u)vP^ul (2.4.7) 

etc. 

Proceeding in a similar way we introduce the subspace 

A*^ C A'=®C[[e],e-^] 
of fc- vectors of the total degree k. 

Lemma 2.4.1 The Schouten - Nijenhuis bracket gives a well-defined map 

e[, ]: A'^ X A^ ^ A'=+'-\ 

There is an important subtlety with the grading of the local multivectors. Indeed, 
a local A;- vector is a map 

Ao 

not 
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(cf. the formulae ( p.3.7|) , ( p.3.10|) and (|2.3.12|) ). Such a map does not respect the 



grading. So we must assign a nonzero degree to delta-function 

degS{x-y) = l, degd'-'Xx ~ y) = s + 1 (2.4.8) 
Therefore a general local bivector in Aioc will be represented by an infinite sum 

oo 

{u\x),u^{y)} = e'{u\x),u^{y)y'^ (2.4.9) 
fc=-i 
fc+i 

{u\x),u^{y)y'^ = 5^4,(«;«., . . .,u^^^)6'^'-'+'\x - y), 
4,e^, deg4, = ., . = 0,1,...,A; + 1. 
More explicitly, the first three terms in the expansion ( p.4.9|) read 



{u\x), u^(y)}[~^l = h'^iu{x))6{x - y) (2.4.10) 
{u\x)y{y)}^'^ = g'^{u{x))5\x - y) + ri{u{x))ul5{x - y) (2.4.11) 
{M*(x),M^(y)}W = a'^{u{x))5"{x ~y) + {u{x))ul5' {x - y) 

+ [ci{u{x))ul, + \d%{u{x))u1ui]5{^ - y) (2.4.12) 

where /i*-', g^^{u), T^^{u), d'^iu), (m), c)f (m), d^liiu) are some functions on the manifold 
M. 

Remark 2.4.2 Our rules of introducing the gradation can he memorized using the 
following simple trick. Do a rescaling of the independent variable x, 

X ^ ex. (2.4.13) 

The x-derivatives u^'^ = d^u^ /dx^ will change 

yi,k ^ ^k^i,k_ (2.4.14) 

We also have 

dx ^ e-^dx. (2.4.15) 
The delta- function, according to the definition l \2.3.1J\) must be rescaled as 

6{x)^e6{x). (2.4.16) 

In other words, "delta-function" is not a function but a density. Simultaneously with 
the rescaling we will also redefine the integrals 



After such a rescaling we expand all the formulae of the previous two sections in a 
power series in e to arrive at our grading conventions. 
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Example 2.4.3 Rescaling ( ^.4-1!^ ) the KdV equation Ut = uux + Uxxx one obtains 

Ut = tiuux + e^Uxxx)- 

One usually introduces slow time variable t ^ et to recast the last equation into the 
form 

Ut = uUx + e^Uxxx- (2.4.17) 

This is the small dispersion expansion of the KdV equation. The smooth solutions of 
^.4-1% ) describe solutions to KdV slow varying in space and time. 



Remark 2.4.4 Besides the rescaling procedure, one can arrive at the above series 
^2.4.^ ), (\2.4.d[ ), ^2.4.9^ ) considering the continous limits of differential- difference sys- 



tems. E.g., for the well-known example of Toda lattice 

Un = Vn-Vn-l, ?)„ = 6^^"+^ - c"" , U^Z (2.4.18) 

the continuous limit Un = u{en) = u{x), Vn = v{en) = v{x) gives an evolutionary 



system of the form (^.4.% with an infinite series in the r.h.s. 



Ut = {v{x) — v{x — e)) = e[v' — -ev" + 0(e^)], 
Replacing in the Hamiltonian structure 

the Kronecker symbols 5 mn by e~^6{x—y) , 6m,n+i by e~^5{x — y — e) , we obtain a Poisson 
bracket of the ^2.4. 9{ ) form 

{u{x),u{y)} = {v{x),v{y)} = 0, 
{uix), viy)} = -^[6ix -y)-5{x-y- e)] = 5'{x - y) - U"{x - y) + 0{t^). 

2.4.2 Miura group 

The last definition will be that to extend the class of Miura-type transformations 
( p.4.3| ). Let us consider the transformations 

00 

= ^ e^Fi{u] Mx, • • • , M^^^), i = 1, . . . , n 

fc=0 

Fie A, deg Fl = k, (2.4.19) 
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Lemma 2.4.5 The transformations of the form i\2.4-i!^ ) form a group. The Lie algebra 
of the group is isomorphic to the subalgebra Al^ of all translation invariant evolutionary 
vector fileds in with the Lie bracket operation. 

Example 2.4.6 Let us invert the clasical Miura transformation 

1 2 

u = -V + ev 
4 

using successive approximations. Rewriting the equation in the form 

v' „ , „ ^ u' 



'U u 



we obtain first two terms of the solution v = F{u] u', . . .]e). 

Remark 2.4.7 This way of solving the Riccati equation is essentially equivalent to the 
classical WKB method of solving the related linear second order ODE 

2 // 1 . y' 

e y = -luy, V = 4e— . 
4 y 

Substituting the above series solution to Riccati we obtain the WKB asymptotic solution 
to the second order ODE with the small parameter e ^ 



y = u-^l^ exp ^ y v^rfx (1 + 0(e)) . 



Definition. The group Q of all the transformations of the form ( p.4.19|) is called Miura 
group. 

The Miura group Q looks to be a natural candidate for the role of the group of "local 
diffeomorphisms" of the extended formal loop space L{M) (recall that at the moment 
M is a ball). Q contains the group of diffeomorphisms Diff{M) of the manifold M as a 
subgroup. It coincides with the semidirect product of Dif f{M) and the pro-unipotent 
subgroup Qq of Miura-type transformations close to identity, 



^ + e A;.(n)< + e^ (^i?;(«X + -C],{u)u>,ul^ +... (2.4.20) 
The produc in the group Qq reads 

q, = Oi}, + C2), + l [dsA2]A,l + d^A^lA,^^ + A^ld^A,^^ + A^ld.A.l] 

(2.4.21) 



The following simple statements immediately follow from Lemma 2.4.5 
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Lemma 2.4.8 The class of local junctionals l \2.4-3i ), evolutionary PDEs ^.j. Tj) , and 
local translation invariant multivectors (see the formula ( ^.4-!^ ) for the bivectors) on 
the extended formal loop space C{M) is invariant w.r.t. the action of the Miura group. 



Lemma 2.4.9 An arbitrary vector field a of the form with 7^ can be 



reduced, by a transformation of the Miura group, to a constan form 

ao = const, = for i > 0. 

This is an infinite dimensional analogue of the theorem of "rectifying of a vector 
field". 

Proof By using the theorem of "rectifying of a vector field" on a finite dimensional 
manifold, we can reduce the vector field (oq, . . . , aJJ) to a constant one by performing 
a Miura transformation of the form ( |2.4.19| ) with Fk = 0, k > 1. We prove the lemma 



by induction. Let us assume the vector field a to be of the form 

a' = ai + u^^^) + 0{e^+^) 

with degOfc = k. Since ao 7^ 0, we can find differential polynomials . . . of 

degree k such that 

Then the Miura transformation 

u' = u' + Fi{u,...,u^^^) 
reduces the vector field a to the form 

= a^ + C(£^+i). 

□ 



2.4.3 (p, g)-brackets on the extended formal loop space 



Let us write explicitly down the transformation law of the coefficients of a local Poisson 
bracket w.r.t. transformations from the Miura group (cf. ||123| |). Let A^^ be the 



differential operator of the Poisson bracket given in (p.3.18|) . In the new "coordinates" 
■u* of the form ( p.4.3| ) the Poisson bracket will be given by the operator 



A'^ = L*iA^^Lj 

where the matrix-valued operator and the adjoint one L*^ are given by 



(2.4.22) 
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Main Problem. To describe tlie orbits of the action of the Miura group Q on A^. 



To our opinion this problem is the natural setup of the problem of classification of 
Poisson structures of one-dimensional evolutionary PDEs with respect to Miura-type 
transformations (they are called also Darboux, or Bianchi, or Backlund transforma- 
tions. Our transformations do not involve a change of the independent variable x since 
we consider only translation invariant PDEs). 

Our conjecture is that, for a reasonable class of Poisson brackets to be defined 
below, the orbits are labelled by certain finite-dimensional geometrical structures on 
the underlined manifold M. Below we will illustrate this claim describing two orbits 
being, in a certain sense, generic. The full problem remains open. 

We first explain how a local Poisson bracket from K^^^ induces certain finite- 
dimensional geometrical structures on M. 

Lemma 2.4.10 The subgroup Diff(M) C Q acts independently on every term { , j^'^' 
of the expansion ( \2.4-^ ), k > —1. In particular, the leading term A'^Qiu) is a (2,0)- 



tens or field on M , symmetric/ antisymmetric for even/odd k. 



Proof This follows from the transformation law ( p.3.28[ ). The symmetry/antisymmetry 



of the coefficients follows from the general antisymmetry condition (|2.3.17| ). The lemma 
is proved. □ 



Lemma 2.4.11 The subspaces span ({ , }' ^\ { , }^^\ • • • , { , j^'^') for every k remain 
invariant w.r.t. to the action of the Miura group Q . 



This follows from the explicit formula (|2.4.22|) 



Lemma 2.4.12 The first non-zero term in the expansion (^.^-^ is itself a local Pois- 
son bracket. 

This is obvious. 



Corollary 2.4.13 The coefficient h^^{u) in I \2.4-1C\ ) is a Poisson structure on M. This 
Poisson structure is invariant w.r.t. the action of Q on Af^^. 

We obtain a map 

Af^JG Poisson structures on M. (2.4.23) 

Let us assume that the Poisson structure h^^{u) on M has constant rank p = 2pi. 
Denote q := n — p the corank of h'^^{u). 

Definition. ( p.4.9|) is called {p, q) -bracket ii the coefficient g^^{u) in (|2.4.11| ) does 



not degenerate on Ker W{u) C T*M on an open dense subset m. M 3 u. 
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Example 2.4.14 The ultralocal Poisson bracket ^2.3.24) with a non-degenerate matrix 
h^^ is a {n,0) -bracket. 



Example 2.4.15 The Poisson bracket 3. 2^) with a non-degenerate matrix rj^^ is a 
(0, n) -bracket. 



Example 2.4.16 Let be the structure constants of a semisimple n-dimensional Lie 
algebra g. The Killing form rj^^ on g defines a central extension g of q called Kac - 
Moody Lie algebra jg^/ . The Lie - Poisson bracket ( ^.1.^ ) on the dual space g* 



-{u\x),u^{y)} = r]'^\x - y) + -c'lu^5{x - y) 



(2.4.24) 



can be considered as a Poisson bracket of the form ( ^.4.^ ) on the loop space C{g*). 
Here e is the central charge. This is a {p,q) -bracket with 

g = rkg, p = dimg — rkg. 



Let a [p, g)-Poisson bracket on C{M) of the form (|2.4.9|) - (|2.4.11| ) be given. We 
will now construct a fiat metric on the base of the symplectic foliation of M defined 
by the finite-dimensional Poisson bracket h^^{u). Let us assume that M is a small ball 
such that the symplectic foliation defines a fibration 



M ^ N, dimiV = g. 



(2.4.25) 



Functions on are Casimirs of the finite-dimensional Poisson bracket h^^{u). Define 
first a symmetric bilinear form ( , )* on T*N putting 



{dfi,df2 



dfidh 



(2.4.26) 



for any two Casimirs of h^^{u). By the assumption this bilinear form does not degen- 
erate. Define the non-degenerate symmetric tensor ( , ) on TN by 



[( 



(2.4.27) 



Theorem 2.4.17 The metric ( \2.4.2Ti) on TN is well-defined and fiat. 



Proof The simplest way to prove that the metric ( ^.4.271 ) is constant along symplectic 
leaves and also prove vanishing of the curvature of the metric is the following one. 
Choose local coordinates u = (w", f") on M, a = 1, . . . ,p = 2pi, a = 1, . . . ,q, p+q = n, 
such that w^, . . . are canonical coordinates on the symplectic leaves and f ^, . . . , 
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is a system of independent Casimirs of h^^{u). The f 's can be considered as coordinates 
on N . In the local coordinates the Poisson bracket (|2.4.9D reads 

{w\x),w\y)} = h'^'dix -y) + A^^d'ix - y) + - v) + 0(e) 

K(x), w'^iy)} = A'SSiu)S'{x -y) + A'^^^u, - y) + 0(e) 

{v'^ix),v^{y)} = g'^^iu)5\x - y) + (rf («)< + Tf{u)v2) 5(x - y) + 0(e) 

(2.4.28) 

Here h""^ is a constant antisymmetric nondegenerate matrix, the q x q matrix g°'^{u) 
coincides with the Gram matrix of the bilinear form ( |2.4.26| ) in the basis dv^, . . . , dv'^. 
Let us consider the following foliation on the loop space C{M) 

w''{x)=w^, a = l,...,p (2.4.29) 

for arbitrary given numbers Wq, . . . , Wq. Due to nondegeneracy of h"''^ this foliation is 
cosymplectic. The corresponding Dirac bracket { , }d can be considered as a Poisson 
bracket on C{N) since, by definition 

K(x),«;'^(y)}z5 = {w''{x),w\y)}D = 0. 

Let us show that the Dirac bracket is a (0, g)-bracket on jC{N) with the same leading 
term 

{v'^{x),v^iy)}n = K(x),t;'^(y)} + 0(e). 
Introduce the differential operator 

inverse to the operator eA"*. Then the Dirac bracket has the form 

{v^ix),v^iy)}n = K(x),t;^(y)} - e A"^UabA'^6ix - y). (2.4.30) 

a,b=l 

We obtain a (0, q) Poisson bracket on jC.{N) eventually depending on the parameters 
Wq, . . . , Wq. The leading term 

{v'^ix),v^iy)}^S = g'^^iv^ y^o)5'ix -y) + Vfiv, Wo)v2ix - y) 

is itself a Poisson bracket (the so-called Poisson bracket of hydrodynamic type). Ac- 
cording to the theory of such brackets [47| one can choose local coordinates on 
in such a way that 

^"^ = const, r^^ = 0. 
This proves the theorem. □ 
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An alternative way to prove of the Theorem is to write exphcitly down the terms 
of the order in the Jacobi identity 

{{v"ix),v^iy)},wyz)} + icYc\ic) = Q 

in order to prove that the leading term in {v°'{x),v^{y)} does not depend on w, w^- 
Then from the leading term in the Jacobi identity 

{K(x),t;'^(l/)},t;^(;2)} + (cyclic) = 

it follows, as in ETI, vanishing of the curvature of the metric 

We believe that the problem of classification of (p, g)-brackets (and also classification 
of pencils of (p, (3')-brackets) is very important in the Hamiltonian theory of integrable 
PDEs. In this paper we will mainly consider (0, n)-brackets leaving the general case 
for a subsequent publication. 

To illustrate our technique we will begin with a more simple example of (n, 0)- 
brackets. 



2.4.4 Classification of (n, 0)-brackets 

Our first result is 

Theorem 2.4.18 If M is a hall then all (n, 0) Poisson brackets in A^^^ are equivalent 
w.r.t. the action (^.4-22j of the Miura group Q. 

Proof First we choose the Darboux coordinates for the symplectic structure on M. 
The Poisson bracket in question will read 

{u\x)y{y)] = -h'^{x - y) + y^e^{u\x),u^{y)Y^l (2.4.31) 

k=0 

Next we will try to kill all the terms of the expansion ( p. 4. 31 ) by transformations of 
the form ( p.4.19|) with Fq{u) = u^, i = 1, . . . ,n. To this end an appropriate version of 
Poisson cohomology will be useful. We define the Poisson cohomology H*{L{M),w) 
for a Poisson structure w G Kf^^ as the cohomology of the complex 

- AL - Koc - AL - ■ • • (2.4.32) 

with the differential 8(5 := In the present proof w = h^^{x — y). The cohomol- 

ogy is naturally decomposed into the direct sum 

H'' = ©„>_iiJ'=''" (2.4.33) 

with respect to monomials in e, where H^'"^ consists of the cocycles proportional to 
e"*. Denote 

H'' := ©™>oif''". (2.4.34) 
The following obvious statement holds true. 
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Lemma 2.4.19 The first non-zero term in the expansion ( ^.4 -311) is a 2-cocycle in the 
Poisson cohomology of the ultralocal Poisson bracket ( ^.3.24i )- 



So, we will be able to kill this first nonzero term of the expansion if we prove that, for 
any 2-cocycle G Af^^ of the ultralocal bracket w := e{ , }'~^' , there exists a vector field 
a of the form ( p.4.6|) such that the Lie derivative LiCaVJ gives the cocycle and a\e=o = 0. 
This will follow from the following general statement about triviality of cohomology of 
the ultralocal Poisson bracket. 



Lemma 2.4.20 For M = ball and the ultralocal Poisson bracket w 3. 24\ ) with det 
h^^ 7^ the Poisson cohomology H^{C{M),w) , H'^{C{M),w) vanish. 

The first proof of the lemma (and of the lemma p.4.22| below) was obtained by E. 
Getzler |]75[ (also triviality of the higher cohomology has been proved). Independently, 
L. Degiovanni, F. Magri, V. Sciacca obtained another proof 0]. We have decided to 
present here our own proofs of triviality of cohomologies that closely follow the finite- 
dimensional case. Our proof will also be useful in the study of bihamiltonian structures 
below. 

Let us prove first triviality of H^. Let an evolutionary vector field a with the 
components a\ . . . , a*^ be a cocycle. Denote 

Ui = hija-' 

where the constant matrix hij is inverse to h^K The condition da = LiCaW = reads 



t>s ^ ' 

Using ( ^.2.271 ) we conclude that there exists a local functional / = j f dx such that 

6u^{x) 

Therefore the vector field is a Hamiltonian one. 



6uHx) 



Let us now proceed to the proof of triviality of H^. The idea is very simple: the 
bivector 

w + ea = h'^6{x -y)+eJ2 - y) 

s 

satisfies the Jacobi identity 

[w + ea, w + ea] = ^[mode^) 
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iff the inverse matrix is a closed differential form 



^hijdx A 5u'' A 5u^ + ^eui-js dx A ^m" A 5u^'^ {raode^) 



where 
Denote 



UJ. 



h - h ■ API 



(2.4.35) 



From the condition of closedness 6{dxAuj) = G A3 we derive, due to Corollary |2.2.14| , 
existence of a one-form dx A (p, (p = (piSu^ such that S{dx A (p) = dx A 00. The vector 
field a with the components 

a' = h'^cpj 

gives a solution to the equation 

[w, a] = a. 

To be on the safe side we will now show, by straightforward calculations, that, 
indeed, the above geometrical arguments work. First, from the antisymmetry condition 
( p.3.17|) for the bivector a it readily follows the antisymmetry condition ( p.2.30|) for the 
2-form UJ with the reduced components ( p.4.35| ). Next, we are to verify that from the 
cocycle condition [vu, a] = where the Schouten - Nijenhuis bracket [vu, a] is written in 
( [^.3.191 ), it follows closedness ( |2.2.32| ) of (ix A G A2. First we will rewrite the formula 
for the bracket in a slightly modified form. Differentiating the antisymmetry condition 



A 



ik 



m 
s 



. -E(-i 

w.r.t. m''* and using the commutators ( |2.2.5 ) we obtain 



dm—s A ki 



du'''' 



-E(-ir--('7r) 



f) Aki 



So the coefficients of the Schouten - Nijenhuis bracket ( |2.3.19| ) can be rewritten as 
follows 



ijk 
lx,y,z 



d^f^ik 

Qyl,S 



dA 



ik 



du'-'' 



q+r+t ( q + r + t 



q r 



Qyl,q+r+t 



(r) 



X — z). (2.4.36) 



The coeffcient of 5^*\x — y)5^^\x — z) must vanish for every t and s. Multiplying this 
coefficient by hiahjbhkc we arrive at the condition of closedness (|2.2.32|) of the 2-form 
( p.4.35[ ). Using Corollary |2.2.14| we establish existence of differential polynomials (pi, 
. . . , (pn representing the 2-form as in ( p.2.31| ). The translation invariant vector field 

a' = 0(pj 

will satisfy da = a. This proves the lemma, and also the theorem. □ 
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2.4.5 Classification of (0, n)-brackets 



Let us now proceed to considering tlie Poisson structures in witli identically vanish- 
ing leading term { , As above, the first nonzero term ( p.4.11|) is itself a Poisson 
bracket. The leading coefficient g^-^{u) of it determines a symmetric tensor field on M 
invariant w.r.t. the action of the Miura group. This gives a map 

/Q symmetric tensors on M. 



Theorem 2.4.21 Let M he a hall. Then the only invariant of a (0,r;,) Poisson hracket 
in A^ with respect to the action of the Miura group is the signature of the quadratic 
form g^^{u). 

Proof. The symmetric nondegenerate tensor g^-^{u) defines a pseudoriemannian metric 

gij{u)du'du\ (gij) = [g'^) ^ 
on the manifold M. From the general theory of |^ of the Poisson brackets of the 



form (|2.4.11|) it follows that the Riemann curvature of the metric vanishes, and that 
the coefficient P^ (m) in (|2.4.11|) is related to the Christoffel coefficients T^j{u) of the 



Levi-Civita connection for the metric by 

= -g'-ri,. 

Using standard arguments of differential geometry we deduce that, locally coordinates 
v^{u), . . . , exists such that, in the new coordinates the metric becomes constant 

The Christoffel coefficients in these coordinates vanish. Of course, all constant symmet- 
ric matrices r]''^ of a given signature are equivalent w.r.t. linear changes of coordinates. 

We have reduced the proof of the theorem to reducing to the normal form (|2.3.25|) 
the Poisson bracket 

oo 

{u\x), u^{y)} = r^'^S'ix -y) + J2 W{x) , (y)}^'^ (2.4.37) 

fc=i 

by the transformations of the form ( |2.4.19| ) with Fq =id. As in the proof of Theorem 
|2.4.18| the latter problem is reduced to proving triviality of the second Poisson coho- 



mology of the Poisson bracket a of the form (p.3.25|) . Triviality of the cohomology 
is somewhat surprising from the point of view of finite-dimensional Poisson geometry. 
Indeed, as we have seen above this Poisson bracket degenerates. So we will be to also 
prove that all the cocycles are tangent to the leaves of the symplectic foliation (see the 
end of section 2.31). 
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L/emma 2.4.22 ForM = ball all the cocycles m H^{C{M)) and H'^{C{M)) vanishing 
at e = are trivial. 



TTk,m 
1-n 



Denote, like in (p.4.34|) , 

We are to prove that = H'^ = 0. 

Let us begin with proving triviahty of H^. Using ( |2.3.5| ) we obtain 



(2.4.38) 



(v) 



E 

r>0 



daW = LlCaZu'^ = -d, 5^(-l)V" (|^) - y) 



S(^+^)(x-y). (2.4.39) 



Since 



5a^ 
6uP{x) 



(v) 



is a differential polynomial in Aq ® C[[e]] of the degree vanishing at e = 0, from 
vanishing of the coefficient in front of 6{x — y) we derive that 



6d^ 
SuP{x) 



0, j, p=l,...,n. 



Using Example |2.2.5| we derive existence of differential polynomials V s.t. 

= d^V, j = 1, 



, n. 



This is the crucial point in the proof: we have shown that the vector field a is tangent 
to the level surface of the Casimirs ( |2.3.26| ). The remaining part of the proof is rather 
straightforward. Using ( p.2.5|) and also the Pascal triangle identity 



m 
n 



m 
n — 1 



m + 1 
n 



we rewrite the coefficient of S^'^~^^^ (x — y) in the form 



du'- 



t>r 

duJk 



+ (-11 



duji 



Here 



u^k = Viib\ iVij) = iv'^y^ 



0. 
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the last two terms are not present for r = 0. As above, for r = we derive that 

t>o ^ 

Proceeding by induction in r we prove that the 1-form J dxAUi 6u^ is closed. Using the 
Volterra criterion we derive existence of a differential polynomial / s.t. uj = 5 j f dx. 
Hence 

We proved triviality of H^. 

Let us proceed to prove the triviality of H^. The condition (9a; = for a of the form 
( p.3.15| ) can be computed similarly to Example |2.3.9| . We obtain a system of equations 



dA 



Qyl,q+r+t-l 

ior any i,j,k,s,t (2.4.40) 

(it is understood that the terms with s — 1, t — q — 1 ort + g + r — 1 negative do 
not appear in the sum). Recall that the crucial point in the proof of triviality of the 
2-cocycle is to establish validity of ( p.l.l8|) for the Casimirs ( |2.3.26| ) of w. Explicitly, 
we need to show that 

a{5u\6u^) = jAi^dx = ior any (2.4.41) 
We first use ( |2.4.4CI| ) for s = t = to prove that 



7] 



Hence 

Ai" = d^B^' 

for some differential polynomial B^''. This implies ( [^.4.41 ). The rest of the proof is 



identical to the proof of Lemma |2.1.3| . We first construct the vector field z (see the 



proof of the lemma |2.1.3| ). To this end we use the equation ( p.4.4CI| ) for s = 0, t > 0: 



ki \ '•''^ / J , \ / n Ajk ^ ^^-^ 



48 



Differentiating the antisymmetry condition 

w.r.t. ti''*^^ we identify the first term of the previous equation with 

The resulting equation coincides with the condition da'^ = of closedness of the 1- 
co cycle 



for every k = 1, . . . ,n (see ( p.4.39|) for the explicit form of this condition). Using the 



first part of Lemma we arrive at existence of n differential polynomials g^, . . . , g" s.t. 

A'^ = ry-5,-i^_. (2.4.42) 

The last step, as in the proof of Lemma |2.1.^ , is to change the cocycle a to a 
cohomological one to obtain a closed 2-cocycle 

a ^ a + dz =: a' 

for 

^ d 

The new 2-cocycle a' will have the same form as above with = 0. Denote 
We will now show existence of differential polynomials uJi-jQ, uji-ji,. . . s.t. 

Oi-jl = dxUJi-jo, 

gi;js = d^Ui-j^s-i + ^rd,s-2 for s > 2. (2.4.43) 



From ( |2.4.4(]| ) for s = 1, t = we obtain 



As we already did many times, from the last equation it follows that 

(r) 
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This shows existence of Ui-jo. Using (p.4.4CI|) for s = 1 and t > we inductively prove 
existence of the differential polynomials Ui-j^t-i- Actually, we can obtain 



s>l+2 



(2.4.44) 



From this it readily follows that the coefficients Ui-js satisfy the antisymmetry condi- 
tions ( |2.2.30| ). Thus they determine a 2-form u. 

Let us prove that the 2-form u is closed. Denote 



t+s m—s 



J, 



ijk;st 



\m=s r=0 m>t+s+l r=0/ 



m 
r s 



,duj 



j;k,t—r 



+ 



duji 



i;k,t 



the l.h.s. of the equation ( p.2.32| ) of closedness of a 2-form. Let us show that the 
coefficient of 5^'"\x — y)5^^\x — z) in ( ^.4.401 ) is equal to 



l,s-l + Jijk;t-l,s~2 + Jijk;t-2,l-l- 

To this end we replace the second sum in (|2.4.4CI| ) by 

9Af 



(2.4.45) 



du'- 



Lowering the indices by means of rjij and using ( p.4.43|) we obtain (|2.4.45|) . From 
vanishing of ( p.4.45|) we inductively deduce that Jijk-st = for all i,j,k = 1, . . . ,n and 
all s,t > (observe that the coefficients Jijk-to = Jijk-fis = due to our assumption 
= 0. This proves that the 2-form uj is closed. So a; = 5 J cix A for some 1-form 
(f) = (piSu^. Introducing the vector field 



we finally obtain, for the original cocycle a, 

a = d{a — z). 

Theorem is proved. 
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3 Bihamiltonian geometry of loop spaces 



3.1 Bihamiltonian structures and hierarchies of commuting 
flows 

3.1.1 Poisson pencils and bihamiltonian recursion procedure: summary of 
the finite-dimensional case 

Definition. A bihamiltonan structure on the manifold P is a 2- dimensional linear 
subspace in the space of Poisson structures on P. 

Choosing two points { , }i and { , }2 of the subspace we obtain that the linear 
combination 

ai{ , }i + a2{ , }2 (3.1.1) 

with arbitrary constant coefficients ai, 02 is again a Poisson bracket. This reformulation 
is usually referred to as the compatibility condition of the two Poisson brackets. It is 
spelled out as vanishing of the Schouten - Nijenhuis bracket 

[{, }i,{, }2]=0. (3.1.2) 
An importance of bihamiltonian structures for recursive constructions of integrable 



systems was discovered by F.Magri ||104|| in the analysis of the so-called Lenard scheme 
of constructing the KdV integrals. The basic idea of these constructions is given by 
the following simple 

Lemma 3.1.1 Let Hq, Hi, . . . , be a sequence of functions on P satisfying the recur- 
sion relation 

{ . ,Hp+,}, = {. ,Hph, p = 0, 1, ... (3.1.3) 

Then 

{Hp,H,}, = {Hp,H,}2 = 0, p, g = 0, 1, ... 

For convenience of the reader we reproduce the proof of the lemma. Let p < q and 
q — p = 2m for some m > 0. Using the recursion and antisymmetry of the brackets we 
obtain 

{Hp,Hg}i = {Hp, Hq_i}2 = —{Hq^i, Hp}2 = — {-ffq-l, -f/p+l}l = {Hp+i, Hg^i} i. 

Iterating we arrive at 

{Hp, Hq}i = . . . = {Hp+rn, -f^g-mjl = 

since p + m = q — m. Doing similarly in the case q — p = 2m + 1 we obtain 

{Hp, Hq}i = . . . = {Hn, Hn+l}l = {Hn, Hn}2 = 
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where n = p + m = q — m — 1. The commutativity {Hp, Hq}2 = easily foUows from 
the recursion. The Lemma is proved. 

We have not used yet the compatibihty condition of the two brackets. It turns out 
to be crucial in contructing the Hamiltonians satisfying the recursion relation ( p.l.3| ). 
There are two essentially different realizations of the recursive procedure. 

The first one applies to the case when the bihamiltonian structure is symplectic , 
i.e. N = 2n and the Poisson structures of the affine line do not degenerate for 

generic ai, 02. Without loss of generality one may assume nondegeneracy of { , }i. 
The recursion operator 

n -.TP ^TP 

is defined by 

n:={,h-{, (3.1.4) 
The main recursion relation ( |3.1.3| ) can be rewritten in the form 



dHp+i = n*dHp, p = 0, 1,... (3.1.5) 

where 

is the adjoint operator. 



Theorem 3.1.2 ^04 , The Hamiltonians 



p+l 

satisfy the recursion ( \3.1.3i ). 



Hp := ^—tT'R.P+\ p>0 



Clearly there are at most n independent of these commuting functions. We say 
that the bihamiltonian symplectic structure is generic if exactly n of these functions 
are independent. Let us denote Aj = Xi{x) the eigenvalues of the recursion operator. 
Since the characteristic polynomial of 7^ is a perfect square 

n 

det (7^ - A) = JJ(A - Xif. 

i=l 

only n of these eigenvalues can be distinct, say, Ai = Ai(a;), A„ = A„(a;). For 
generic bihamiltonian symplectic structure these are independent functions on P 3 x. 



Theorem 3.1.3 ^104 , \103i , Let { , }i,2 be a generic symplectic bihamiltonian 
structure. Then 



1) All the commuting Hamiltonians 
1 



Hr, 



P+l 



-tr7^■ 



p+l 



p+i^ 



X 



p = 0, 1, . . . ,n - 1 
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generate completely integrable systems on P. 

2) The eigenvalues Xi{x) can he included in a coordinate system Xi,fii, . . . , Xn, fin 
in order to reduce the two Poisson structures to a block diagonal form where the i-th 
block m { , }i and m { , }2 reads, respectively 

(-1 J)' (-A. o)' ^ = 1'---'^- 

The last formula gives the normal form of a generic symplectic bihamiltonian struc- 
ture. Therefore all such structures are equivalent w.r.t. the group of local diffeomor- 
phisms. 

Let us now consider the degenerate situation. We assume that the Poisson structure 
( p.l.lD has constant rank for generic ai and a2- Without loss of generality we may 
assume that 

k = corank{ , }i = corank({ , }i + e{ , (3.1.6) 
for an arbitrary sufficiently small e. 

Let us first prove the following useful property of bihamiltonian structures of the 
constant rank. 



Lemma 3.1.4 Let the bihamiltonian structure satisfy ^3.1.6^ ). Then the Casimirs of 
{ , }i commute w.r.t. { ,}2. 

Proof Let 2m be the rank of { , }i. We first reduce the matrix of this bracket to the 
canonical constant block diagonal form. Denote [h"-'^) the matrix of the second Poisson 
bracket in these coordinates. Let us now choose two integers i, j such that 2m < i < 
j < N = 2m + k and form a (2m + 1) x (2m + 1) minor of the matrix { , }i + e{ , }2 
by adding i-th column and j-th row to the principal 2m x 2m minor standing in the 
first 2m columns and first 2m rows. The condition ( p.l.6|) is equivalent to vanishing of 



the determinants of all these minors. It is easy to see that the determinant in question 
is equal to —ek^^ + O(e^). Therefore = for all pairs {i,j) greater than 2m. The 
lemma is proved. □ 



Corollary 3.1.5 For a compatible pair of Poisson brackets of the constant rank {{ , }2 
-A{ , }i) = rank{ , }i, A ^ oo, 

{, }2eH\P,{, }0 

is a trivial cocycle. 

Proof What { , }2 is a cocycle w.r.t. the Poisson cohomology of (P, { , }i) follows 
from ( |3.1.2| ). To prove triviality use commutativity of the Casimirs of the first Poisson 



bracket and also Lemma |2.1.3| . □ 
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A bihamiltonian structure with a marked line A { , }i is called Poisson pencil. 
Choosing another Poisson bracket { , }2 of the pencil one can represent the brackets 
of the bihamiltonian structure in the form 



{, },:={, }2-A{, }i. 



(3.1.7) 



The representation (|3.1.7] ) is well-defined up to an affine change of the parameter A 

A I— > a A + 6. 

In the case of Poisson pencils of constant rank the corank of { , }\ equals k for 
A — s> oo. The recursive construction of the commuting flows in this case is given by the 
following simple statement (cf. ||104| , [70| , |126|| ). 



Theorem 3.1.6 Under the assumption ^3. 1 . (\ ) the coefficients of the Taylor expansion 

, A^oo (3.1.8) 



c"(x, A) = c%{x) + ^ + ^ + 



of the Casimirs c"{x,X), a = 1, . . 
respect to both the Poisson brackets 



A ■ A2 

k of the Poisson bracket { , }x commute with 



{Cp,cJ}i,2 = 0, a,P = l,...,k, p,q>-l. 

Proof Spelling out the definition of the Casimirs 

{ • ,c°}a = 

for the coefficients of the expansion (|3.1.8|) we must have first that 

{ . ,c^i}i = 0. (3.1.9) 

That is, the leading coefficients of the Taylor expansions are Casimirs of { , }i. For 
the subsequent coefficients we get the recursive relations 

{ . ,c^+Ji = { . ,c^}2, p = -1,0,1,... (3.1.10) 

From (|3.1.10| ) and Theorem 1 it follows that 

{c^,c°}i,2 = 0, p,q>-l. 

The commutativity {c" , c^}i,2 = for a ^ (3 easily follows from the same recursion 



trick and from commutativity of the Casimirs 

Kl,C^}2 = 

proved in Lemma |3.1.4|. The theorem is proved. 



(3.1.11) 
□ 
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Example 3.1.7 According to Corollary \3.1.5 



there exists a vector field Z such that 



Liez{ , }i = { , }2- 

We say, following j7^/ that the bihamiltonian structure is exact if the vector field Z 
can be chosen in such a way that 

{Uezf{ , }i = 0. (3.1.12) 



For an exact bihamiltonian structure the generating functions 1 . d{ ) of the commuting 
Hamiltonians Cp{x) have the form 

c"(a;; A) = exp {-Z/X) c1,{x) = c1,{x) - jdzc''_,{x) + ^dlc^,{x) . . . (3.1.13) 
for every a = 1, . . . ,k. 

This formula can be easily proved by choosing a system of local coordinates x^, . . . , 
on the phase space P such that the vector field Z corresponds to the shift along x^. 
In these coordinates the tensor of the first Poisson bracket depends linearly on x^ and 
the second Poisson bracket is x^-independent. The Poisson pencil { , }a is obtained 
from { , }i by the shift x^ ^ x^ — and by multiplication by —A. 

Conversely, if, in a given coordinate system, { , }i depends linearly on one of the 
coordinates and { , }2 does not depend on this coordinate then the bihamiltonian 
structure is exact. In particular this trick can be applied to the standard linear Lie 
- Poisson structures on the dual spaces to Lie algebras (cf ||108|| ). In this case it was 



called in ||116|| the method of argument translation. 

All our bihamiltonian structures on the loop spaces to be studied below will be 
exact. However, at the moment we do not see their Lie algebraic origin. 



The construction of Theorem 3.1.6 for a bihamiltonian structure of the constant 



corank k produces k chains of pairwise commuting bihamiltonian flows 
dx 

^ = {x,c°}i = {x,c^_j2, a = l,...,fc, p = 0,l,2,... (3.1.14) 

The chains are labeled by the Casimirs c°_i of the first Poisson bracket. The level p 
in each chain corresponds to the number of iterations of the recursive procedure (we 
will keep using this expression although the recursion operator is not defined in the 
degenerate case). All the family of commuting flows organized by the above recursion 
procedure is called the hierarchy determined by the bihamiltonian structure. 

The hierarchy structure of the constructed family of commuting flows depends non- 
trivially on the choice of { , }i in the Poisson pencil ( p.l.l| ). On the contrary, a different 
choice of the second Poisson bracket in the pencil produces a triangular linear trans- 
formation of the commuting Hamiltonians, i.e., to the Hamiltonians of the level p it 
will be added a linear combination of the Hamiltonians of the lower levels. 
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In the finite dimensional case we are discussing now all the chains of the hierarchy 
will be finite. In other words, the generating functions ( |3.1.8|) of the commuting flows 
will become polynomials after multiplication by a suitable power of A (the degrees of an 
appropriate system of these polynomials correspond to the type of the bihamiltonian 
structure [p.26|| ). A simple necessary and sufficient condition of complete integrabil- 
ity of the flows of the hierarchy was found by A.Brailov and A.Bolsinov (see in [Q]). 
The problem of normal forms of degenerate bihamiltonian structures has been stud- 
ied by I.M.Gelfand and I.Zakharevich |70], |71| for the case of the corank 1 and by 



I.Zakharevich ||149|| and A.Panasyuk ||1 26|| for higher coranks. 



3.1.2 Construction of bihamiltonian hierarchies on the extended loop 
spaces 

In the remaining part of the paper we will study bihamiltonian structures on the 
extended loop spaces C{M) assuming M to be a n-dimensional ball. Moreover we 
restrict ourselves at considering (0,n) bihamiltonian structures, i.e., of the form 

oo 

{u\x),u\y)},,, = Y,e'{u\x),u^{y)}f^„ z,j = l,...,n (3.1.15) 

k=0 

with 

k+l 

W{x),u^{y)}f}, = ^4^^ ^(«;«., . . . ,nW)5('=-+i)(x - y) (3.1.16) 



s=0 



both satisfying the condition 

det^OiM^O, det^o^M^O. (3.1.17) 



Example 3.1.8 For n = 1 take 

{u{x),u{y)}2 = u{x)6'{x -y) + ^u6{x - y) - ^e^5'"(x - y) (3.1.18) 

This is the Lie - Poisson bracket on the dual space to the Virasoro algebra (see Example 
2.1.8^ above). It depends linearly on u{x). Taking the Lie derivative of this bracket along 
the vector field d/du we obtain another Poisson bracket 

{u{x),u{y)], = 6'{x-y). (3.1.19) 

This is an exact bihamiltonian structure in the sense of Example \3.1.7{ (the roles of 
{ , }i and { , }2 have been interchanged, Z = d/du). The Casimir c([u]; A) of the 
Poisson pencil { , }2 ~ A{ , }i is determined from the following third order equation 

-jy"' + uy' + ^u'y = \y' (3.1.20) 
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where 



Starting from the Casimir 



fc(M;A) 

6u{x) 



u dx 



of (\3.1.1f\ ) and applying the recursive procedure of the previous section we produce an 
infinite sequence of commuting Hamiltonians of the KdV hierarchy 



dt^ ^ 6u{x) 



k-0 1 

, At — U, ±, . . . 

du{x) 



(3.1.21) 



where the first few equations of the hierarchy and their Hamiltonians have the form 



u 



1 



—dx, h = -r / e -:r + ^ ) dx 



,u 



lM = ^j [e'^^ + he^uu^ + ^-u'^dx,..., (3.1.22) 



du du 1 2 

^ = ^[30u\' - lQe\2u'v!' + uu"') + e^u^] , . . . (3.1.23) 
at 16 



The above algorithm of constructing the KdV hierarchy is due to Lenard (see in [|67|] ). 
The bihamiltonian interpretation of it is due to Magri | 104 |. The generating function 
of the Hamiltonian densities 

1 _ 1 ^ 



Hk = -4 j Rk-2dx (3.1.25) 

that is, the density of the Casimir of the Poisson pencil { , }2 — A{ , }i coincides, 
according to I.M.Gelfand and L.A.Dickey with the diagonal of the resolvent of the 



Lax operator 

L = -t^dl + u{x). 

The series in (|3.1.24|) is to be understood in the sense of the asymptotic expansion at 
A ^ cxD. The coefficients of the asymptotic expansion do not depend on the choice of 
the boundary conditions. 



Let us return back to the general case ( |3.1.15| )-( |3.1.17| ). We will apply now the 



results of the first part of the paper to prove existence of the commuting hierarchy 
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for an arbitrary bihamiltonian structure of the above form. Indeed, according to these 
results for every A the Poisson bracket 

{u\x)y{y)}^ := {u\x)y{y)}2 - XWix),u\y)h (3.1.26) 

can be reduced to the constant form (|2.3.25| ). We will now prove that the coefficients 
of the Taylor expansion of the reducing transformation are densities of the commuting 
Hamiltonians. 

Theorem 3.1.9 There exists a transformation of the form 

u = F [u; Ux, u^x, . . . ; e; A) = ^ — -j^^ (3.1.27) 

p=-i 

reducing the Poisson bracket 1 . 2(\ ) to the normal form 

{u\x)y{y)}^ = -Xr^'^\x-y). (3.1.28) 
The coefficients of the expansion 

fp{u; Ux, u^x, ...;e)eA(S) C[[e]] 
are densities of pairwise commuting integrals 

fp ■= J fpiu] u^x, ...]e)dx (3.1.29) 

{/p,i^'}i,2 = 0, i,j = l,...,n, p,g = -1,0,1,2,... 

Proof Let us prove first that the reducing transformation for the Poisson pencil ( |3.1.26| ) 
can be chosen in the form of the series ( p.l.27|) . Let 

\^ = f\{u;Ux, . . .]€) 

be the Miura-type transformation reducing the first Poisson bracket to the normal form 
rf^5'{x — y) with a constant nodegenerate symmetric matrix rj^^ . The compatibility 
condition of the Poisson pencil says that the second Poisson bracket is a 2-cocycle 
of the first one. Due to triviality of the 2-cohomology there exists an infinitesimal 
transformation 

^ ^ l^li^W^ 
A 

reducing the pencil to the form 



-A 



r]'^6'{x -y)+0 



1 

A2 



Iterating this procedure we will kill all the terms in the 1/A expansion of the pencil 
( p.l.26|) . The superposition of the Miura-type transformations gives the series ( |3.1.27|) . 
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To prove commutativity of the functionals ( p.l.29|) it suffices to observe that 

ri 

jp ■ 1 



are the Casimirs of the Poisson pencil ( p.l.26| ). This immediately follows from the 
reduced form of it (p.l.28|) . The theorem is proved. □ 



Corollary 3.1.10 Every bihamiltonian structure of the form ^3.1.1 3^ ) - (\3.1.1lO gen- 
erates a commuting bihamiltonian hierarchy of evolutionary PDEs 



dti'P 



K(x),/i^}i = Mx),i^_j2, 3 



.n, p = 0,1,2, 



(3.1.30) 



Example 3.1.11 Let us apply the above procedure to the bihamiltonian structure 
(\3.1.1(\ ), (\3.1.1d[ ) of the KdV hierarchy. We already know that (\3.1.1^ is reduced to 
the constant form by means of the Miura transformation u ^ x> 

The whole Poisson pencil ^3.1.2d[) built of ( ^.1.1!^ ) and ( ^.l.ldj ) is obtained from 
(\3.1.18i ) by a shift u ^— > m — A (i.e., this is an exact bihamiltonian structure). Therefore 
the reducing transformation for the pencil has the form 



u = —2\f\[x — "\/A], 

{u{x), u{y)}x = -A 5'{x - y). 
Here x is the unique solution to the Riccati equation 

■2 - n - A 



(3.1.31) 



of the form 



m=l 



k = ^/\. 



The coefficients Xm o,re polynomials in u, eu' , e u" etc., 



Xi 



-u/2, X2 = -ieu/4, Xs = „ (e^" " « ) 



The even coefficients all are total derivatives; the odd ones give the Hamiltonians of 
the KdV hierarchy 

— - a 

dt^ ~ "5m(x) 

where 

Ik = -4: j X2k+zdx, = 0, 1, . . . 
(we redenote fl = —4:X2k+3, = t^'^). 
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This algorithm of constructing the conservation laws of the KdV equation was found 

The equivalence of the family of KdV integrals 



by Gardner, Kruskal and Miura in [IIS 



produced by the Lenard scheme to those produced by the Gardner, Kruskal and Miura 
algorithm was established by G.Wilson ||144|| . To our best knowledge the Hamiltonian 
nature of this algorithm was not discussed in the literature. 



Remark 3.1.12 It can be shown that the even part 

E X21 
A' 

of the reducing transformation can be gauged out by a Miura-type transformation pre- 



serving the canonical form (3.1.31 ). 



3.2 The leading order of (0, n) bihamiltonian structures 

The main problem we address in this paper is the classification of Poisson pencils of 
the form ( p.l.l5|) -( p.l.l7|) on the extended loop space w.r.t. the action of Miura group. 



Actually we will add below further restrictions on the class of bihamiltonian structures 
to be classified. 

As we already did above in solving the problem of normal forms of a single Poisson 
bracket on the extended loop space, we can try to classify Poisson pencils by successive 
approximations, i.e., first reducing to a normal form the leading term of the series 
( p. 1.151) , then studying 2-cocycles on this leading term etc. 



It is clear that the leading term 

{u\x),u^{y)}f = {u\x),u\y)Y^^ - \{u\x) , (y)}^? (3.2.1) 

is itself a Poisson pencil. Let us redenote the coefficients of the pencil as follows 

{u\x), u^{y)Y? = gnu{x))6'{x - y) + r^,{u)u'A^ - y), 
{u\x),u^{y)}f^ = gnu{x))6'{x - y) + TUu)u'Ax - y). (3.2.2) 



According to our assumption (|3.1.17] ) the leading coefficients giiu) and g^iiu) define 



two fiat geometries on M. Under what conditions these two fiat geometries correspond 
to a bihamiltonian structure ( p.2.2|) on Ml It is clear that the two fiat geometries must 
be members of a flat pencil, i.e., the linear combination T^^k ~ ^^^ik Christoffel 
coefficients of the two metrics gives the Christoffel coefficients of the linear combination 
of the metrics g2 — \gi and the latter is a fiat (contravariant) metric for an arbitrary 
A. The notion of the fiat pencil was introduced by one of the authors in (see also 



41], [|3||). It was shown in [40| that fiat pencils are parametrized by solutions to a 



certain system of nonlinear PDEs that resembles the equations of associativity. Let us 
briefiy recall this parametrization. 

Definition. A quasi- Frobenius structure on a manifold M is a pair (/, < , >) where 
/ = fa{'v)dv°' is a one-form and < , > is a symmetric bilinear nondegenerate form on 
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the tangent planes. This form will be called metric on M. The following conditions 
must hold true. 

1) the metric < , > is fiat 

2) in the flat coordinates f ^, . . . , for the fiat metric, 

d 

< da, dp >= r]ap = const, 5„ := — 

the multiplication table 

da-dp = dad-yffsWd^ (3.2.3) 

(here (r^"^) = {rjap)"^) defines on the tangent spaces T„M a structure of algebra satis- 
fying the following conditions 

1) 

(a-b) ■€ = (a-c) -b. (3.2.4) 

2) The bilinear form < , > is invariant on the algebra T^M, i.e. 

< a-b,c>=< a,c-b> . (3.2.5) 

Here a, b, c are arbitrary three vectors in T^,M. 

3) The bilinear form on the cotangent bundle defined by 

{dv'^, dv^) = v'^VidJ^ + djx) (3.2.6) 
is an invariant form for the dual algebra 

rft," . dv^ = v^Y^dxdJ^iv) dv^ 

on T*M. 

Warning: the name "quasi-Frobenius manifold" was also used in different senses in 



38, 109 



Theorem 3.2.1 For an arbitrary quasi-Frobenius manifold the two metrics < , > and 
( , ) form a flat pencil. Conversely, any fiat pencil can locally be obtained in such a 
way. 



Remark 3.2.2 The metric ( , ) could be degenerate. However, the linear combination 
( , ) — A < , > does not degenerate for generic A. 
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Example 3.2.3 In the particular case of quadratic functions in v 

//3(^) = \cpxyv>' 



the structure constants 



„7 _ ^iv^ 



define on the linear space M = T^M a structure 0/ Novikov algebra, i.e., an algebra 
satisfying ( \3.2.4) and also left-symmetric, i.e., 



a ■ {h ■ c) — {a ■ h) ■ c = h ■ {a ■ c) — {h ■ a) ■ c (3.2.7) 

(the algebras satisfying the last identity are called Vinberg algebras or also pre-Lie 
algebras). The inner product < , > satisfying \3.2.^ is called an invariant bilinear 
form on the Novikov algebra. The above second Poisson bracket in this case is a linear 
Poisson bracket of hydrodynamic type. The theory of such Poisson brackets was first 
studied by A.Balinsky and S. P. Novikov 



Proof of the theorem see in [Bni, 411. 



The problem of local classification of quasi- Frobenius manifolds can be reduced to 
the theory of the following system of nonlinear PDEs 

dMpr^'-'^d^dsf-, = d^dxfy^d^dsff, (3.2.8) 

{dafx + dxfo.W'^d^dpf^ = {d^fx + dxfpW'd^dJ^. (3.2.9) 



Very recently O. Mokhov ||119|| and E.Ferapontov proved integrability of this sys- 
tem. 



As it was essentially shown in (see the precise formulation in g^) that, under 
certain quasihomogeneity assumption the quasi-Frobenius structure on M reduces to a 
Frobenius one. In the next section we impose a somewhat different additional constraint 
onto the bihamiltonian structure (|3.2.2| ) that will also give a correspondence between 



the normal forms of the bihamiltonian structures (|3.1.15| ) on the extended loop spaces 
C{M) and Frobenius structures on M. 



3.3 Tau-structures, tau-covers and normal coordinates of bi- 
hamiltonian hierarchies of PDEs 



The densities of the commuting hamiltonians of the hierarchy (|3. 1.301) constructed in 



the Section p.l.2| admit certain freedom in their definition. Indeed, instead of the 
densities one can take 



p n 



~ Z-^ z_^'^iimfq + total derivative (3.3.1) 

q=-l j=l 
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with arbitrary constant coefficients aij^pq satisfying the following nondegeneracy condi- 
tion 

det (a,,-pp) 7^ 0, p= -1,0,1,.... (3.3.2) 
The flows of the new hierarchy 



d 



{ . ,hi^p}i, hi^p:= j hi^pdx, i = l,...,n, p = 0,1,2,... (3.3.3) 



still commute. 

Definition. 1). A tau-structure for a Poisson pencil ( |3.1.26| ) is a choice of the 
densities of the commuting hamiltonians in the class of equivalence w.r.t. the trans- 
formations (|3.3.1|) s.t. the 1-form 

oo n 

cu = 5^^/i,,p_irf?'^' (3.3.4) 

p=0 i=l 

is closed, i.e., 

A Poisson pencil admitting a tau-structure is called tau- symmetric. 

2). We say that the tau-symmetric Poisson pencil is compatible with spatial trans- 
lations if 

d 

{ ■ , hifi}i = aii,oo{ • , /o }i = g^- (3.3.6) 

Clearly tau-symmetry is a geometric property of a Poisson pencil. Indeed, if a 
Poisson pencil { , is obtained from { , }a by means of a Miura-type transformation 

^— s> = F\u; Ux, •••;€) 

then the densities hi^p{u] u^, . . . ; e) satisfying ( p.3.1|) , ( p.3.5| ) considered as functions of 
the new coordinates will give a tau-structure for the pencil { , with the same 
coefficients ajj,pq. 

The functions 

= /i[°1^(m) +e/i.^li(M;M^) + . . . , i = l,...,n (3.3.7) 

will be of particular importance for working with tau-symmetric bihamiltonan hierar- 
chies. 

Lemma 3.3.1 The functions ( [j*. 3. T[ ) define a Miura-type transformation 

(-^ Ui := /ij -1, i = 1, . . . ,n. (3.3.8) 
The functionals J Uidx, ■ ■ ■ , J Undx are Casimirs of { , }i. 
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Proof From the definition we have 

/ij Ux, • • • ; e) = aij-i-ifLi{u] Ux, . . . ; e) + total derivative 

j 

where the functions f^{u;Ux,Uxx,---',^) G ^o,o(e) were constructed in the proof of 



Theorem p.l.9| . In particular 

j 

where 

fi,iu;ux,...) = fi,^'\u) + 0ie). 

Since i— > f^i[u]Ux, ■ ■ ■) is the transformation reducing { , }i to the normal form, 
the nondegeneracy 

holds true. This implies the nondegeneracy 

also for the transformation (|3.3.8|) . It remains to observe that the functionals 

f_i{u;ux, . . .■,e) dx 



are Casimirs of the first Posson bracket. Taking an invertible linear combination of 
them and adding a total derivative will still give a system of Casimirs. □ 

Definition. The dependent variables ui . . . , Un are called normal coordinates on 
C{M) w.r.t. the given tau-structure. 

The first Poisson bracket in the normal coordinates has the form 

{ui{x), Uj{y}i = r]ij6\x -y) + 0(e) (3.3.9) 

with a constant invertible matrix (%). The variables 

:= v^^u,, {v^^) := iv,,)-' 

will also be called the normal coordinates. The tilde over the normal coordinates will 
often be omitted. The equations of the hierarchy in the normal coordinates are written 
in the following form 

Ou ■ 

^-^ = dx^li,o-j,g{u; Ux, ...;€) (3.3.10) 
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where the matrix Qi^p.j^q{u; Ux, ■■■',€.) is defined in the formula ( p.3.13|) below. 



We will settle below the problem of ambiguity in the choice of tau-structure of a 
given Poisson pencil under certain additional assumption about the pencil. In partic- 
ular we will describe the freedom in the choice of normal coordinates. 

Let us denote 

JC = /C(M; {,},,{,},):= nxKei ({ , - A { , }i) G Ao(M) 

the subspace spanned by the commuting Hamiltonians hi^p of the hierarchy. This can 
be lifted to a subspace 

/C =E A,i(M) 

w.r.t. to the factorization map ^0,1 (^) ~^ Ao(M) (all the notations as in Section 
Namely, the Hamiltonian /ijp lifts to the density /ijp satisfying ( |3.3.3| ). We will now 
define an important symmetric product map 

* : /C X /C ^ AofiiM) (3.3.11) 

as follows. Due to commutativity of the fiows there exists an infinite matrix of the 
densities of the fiuxes of the conserved quantities 

00 

fli,p;j,q{u; Ux, Uxx, . . . ; e) = ^ e'^Q^^lj ^iu; Ux, . . . , u"^^) e A,o, (3.3.12) 
1 <i,j <n, p,g = 0,1,2,... 

such that 

dhi^p_i{u;ux, ...;€) _ ^ ^ , , rqqiq^ 

Qp q — Ox^^i^pJ^qyU, Ux, Uxx, ■ ■ ■ J yO.O.io) 

(we will omit tilde over the time variables always assuming the hierarchy to be written 
in the normal coordinates) . Observe the shift p 1— > p — 1 in the level of the conserved 
quantity hi^p-i- The matrix ^i,p-j,q is determined up to adding of constants. 

Lemma 3.3.2 The collection of the densities hi^p{u; Ux, . . . ; e) of the commuting 
Hamiltonians hi^p of the form l \3. 3. 1\ ), 3. 2J is a tau-structure iff the matrix ^i,p;j,q = 



^i,p;j,qiu', Ux, ■ ■ - ^e) is Symmetric 

^i,p]j,g ^j,q;i,p- (3.3.14) 



Proof The condition of closedness of the 1-form (|3.3.4| ) written in (|3.3.5| ) is equivalent 



to the symmetry ( |3.3.14| ). □ 
We define the product map (|3.3.11| ) on the basis of the space K. putting 



{hi,p, hj^q) I >■ hi p * hj^q : — (3.3.15) 
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All the equations of the constructed hierarchy have the form (|1.7| ). We define 
solutions to the hierarchy as vector functions 



fc=0 

satisfying all the equations of the hierarchy as formal series in e. Compatibility of the 
equations of the hierachy gives a possibility to solve them simultaneously. Actually 
there is a problem of the definition of an appropriate class of functions of infinite 
number of variables. This will be done below where we will also construct the solution 
to the Cauchy problem for the hierarchy with the initial data in a suitable class of 
functions of x. 

Corollary 3.3.3 For every solution 

= M*(t; e), 2 = 1, . . . , n 
of a tau- symmetric hierarchy there exists a function r = T(t; e) such that 

iZ,; M t; e ; uJt\ e ; e = e 



The function r(t; e) is determined uniquely up to a transformation of the form 

with a constant symmetric matrix Qi^p-j.q{e). 

The function r will be called tau-function of a given tau-structure of the bihamil- 
tonian hierarchy. 

For a tau-structure compatible with spatial translations we have 

d _ d_ 
dt^ ~ dx' 

Therefore the solution to the hierarchy, when written in the normal coordinates reads 

=^ ^ = ^,---,n. (3.3.16) 

In the study of symmetries of integrable PDEs it will be useful the following ex- 
tension of the PDEs to systems with an infinite family of dependent variables /, fi^p, 
i = 1, . . . ,n, p = 0, 1, . . . , ui, . . . , Un- 

J 3,1 



dP'1 
dfi 

e = ^i,p;jAu; Mx, • • • ; e) (3.3.17) 
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Definition. The system (|3.3.17| ) of PDEs is called tau-cover of the hierarchy 



It is clear that the hierarchy (|3.3.17| ) is still commutative. 

The notion of tau-function was discovered by Date, Jimbo, Kashiwara and Miwa [ff7 
in their study of KP hierarchy. In the next section we will construct the tau-structure 
for the KdV hierarchy. 

3.4 Example: tau-structure of KdV and heat kernel expansion 

Let us define the differential polynomials 



as the Seeley coefficients [|132|] of the Lax operator L = —e d^+u, i.e., as the coefficients 



of the asymptotic expansion at z — >■ of the diagonal of the heat kernel 

^ oo 

<a;|e-"(-^'^'+"("))|a; >~ ^=y(-z)'=/ifc_2, h_2 = I. (3.4.1) 

V47r^^ 

Note that the coefficients of the asymptotic expansion ( p.4.1|) do not depend on the 
choice of the boundary conditions for the Lax operator ||132|| . They are related to the 
gradients of the old Hamiltonians by 

1 \ Olk+1 



1=1 



^'■^=n('H-5j *=-1.0,l.... (3.4.2) 



We want to prove that these differential polynomials define a tau-structure of the KdV 
hierarchy, i.e. the following symmetry holds true 

{hk~i, hi}i = {/i;„i, hk}i. (3.4.3) 

Observe that, redefining the flows of the hierarchy as follows 

:= {u{x),hk}i = d^j-^, hk = J hkdx, k = 0,l,... (3.4.4) 

we obtain the same hierarchy up to a change of normalization of the flows 



1=1 



The symmetry ( |3.4.3|) means that the new densities are coefficients of a closed 1-form 

cu = h_idi^ + h^ydt^ + hidP + .... (3.4.6) 
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Explicitly the first few Hamiltonians and the corresponding flows of the hierarchy are 



h-i=u, ho = — -e—, hi = — -—{u +2uu) + e — 



24 12^ ' 120^ ' 840 

= u', uii = uu' u'" , 

6 

^ mV _ £^^2uV' + uu"') + — M^. 
* 2 6^ ^60 

To prove that the Seeley coefficients define a tau-structure of the KdV hierarchy 
let us recall some identities for the generating functional 



m=l 



(see, e.g., [^). Let us introduce the "real part" 

3=0 

Then we have 

5p 1 



5u{x) 2xr 

and 

dp /■ 1 , 
-ax. 



dX J 2xr 

From the last two formulae it immediately follows that 



This proves that the new flows (|3.4.4| ) are proportional to the equations of the KdV 
hierarchy with the coefficient of proportionality given in ( ^.4.51 ). From the same formula 
it follows that the new densities of the Hamiltonians satisfy the recursion similar to 
( p. 1.211) but with a different normalization 



4 ^ ^ 2 V 6uix) V 2j ^5u{x) 

All this means that the new Hamiltonians can be obtained from the old ones by mul- 
tiplying a nonzero constant and by adding of a total derivative. 
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The generating function of the densities hk coincides with 

V\ , , A (2fc - 



We are now to prove the symmetry 

dhi_i dhj^i 
dP ~ dP 



(3.4.7) 



for each pair (i, j). We will use the following formula 



(At - A) VXi?(a;,/i) 

(here ' = d/dx, fi is an indeterminate). The both sides of the formula are understood 
as formal series in inverse powers of From this it easily follows that 

1 ^ (22 + l)!!(2j + l)!! 1 r / N // ^^ // n / ^M 
— - > — ; , . , , , — TT-— ; = -\W[X, U)W (X, A) — W (X, U)W(X, A)\. 

4 (2/i)*+i (2A)J+i dp /i-A^ ^ ^ ' ^ V V , yj 

The symmetry of the r.h.s. proves ( p.4.7|) . 

Using the formula (28) from |^ we can represent the r.h.s. as the total derivative 
of the function 

2 

'w{x, fi)w'{x, A) — w'{x, fi)w{x, A)] 



fx — \ 



= dec-, — [w"{^i)w{\) + w{fi)w"{\) - w' {fi)w' (X) 
[fi - A)^ 

+2(A + i2-2u) w{fi)w{X) - 2(A + fi)] . (3.4.9) 
It would be interesting to derive the symmetry ( p.4.7 ) directly from the properties 



of the heat kernel (cf. the recent paper ||111|| where an analogous symmetry of the 



derivatives of the Green function of the Dirichlet boundary value problem on the plane 
has been derived from the Hadamard variational formula for the Green function). 



Remark 3.4.1 In /|7j/ it was suggested an approach to the theory of tau-functions of 
the KP hierarchy and of its reductions. This approach is based on the theory of exact 
Poisson pencils (see Example 15*. i . T] above). Let 

{ , }a = { , }2-A{ , }i 

be an exact Poisson pencil 

Liez{ , }2 = { , }i, Liez{ , }i = 
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for some vector field Z. Let us assume that the vector field Z satisfies the conditions 
of the lemma Doing if necessary a Miura-type transformation we may assume 

that 

z = A 

Let 

u'^u' = F\u\ m"; M^, e) 

be the reducing transformation for the Poisson bracket { , }2- Then the X-dependent 
reducing transformation for the pencil described in Theorem 15*. i . ^ must have the form 

u'^u' = F\u' - A, m"; u^, e) (3.4.10) 

assuming that the r.h.s. is analytic at X = oo. If this is the case then we can derive, 
following jT^ that 

sf; 



Indeed, from 



P fp-i + total derivative. (3.4.11) 



F\u^-X,...,u-;ul,...,u:,...;e)dx = -J ^^dx 



it follows that 
d 



FUu^ — A, ... , u"': ul, . . . , u^, . . . : e) = — ^ , , , / F"" dx + total derivative. 

dX ' ' 1 x5 5 x5 1 y 5u^{x) 



From ( \3.4-ll\ ) it follows that the coefficients 

of the expansion of 5F'' / 5u^{x) are densities of conserved quantities of the bihamiltonian 
hierarchy. They were used in ITBJ in order to define the tau-function. 

In the particular case of KdV one is to use, following the above prescription, the 
differential polynomials 

SIk 



rrik-i 



6u{x) ' 



/ 



THk-ldx = h-l 



in order to define the tau-function of the KdV hierarchy 



ruk-i = 



d"^ log r 
dxdtj. 
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Instead of the symmetry ( \3.4-!^) one obtains 



2fc + 3 r _ 21 + 3 _ 

— - — {mk-i,mi}i = — - — {mi_i,mk}i. (3.4.13) 

The main problem with extending this approach to more general class of exact Pois- 
son pencils is that to describe the analytic properties for large A of the reducing trans- 
formation defined for small A by the formula ( \3.4-10i )- Our axioms imply that this 
transformation always has a regular singularity at X = oo described by the formulae 
( \3.6.6di ) - (\3.6.6d^ ) below. 



3.5 From tau-structures to Frobenius manifolds 

Here we will construct the main invariant of an arbitrary tau-symmetric Poisson pencil 
of (0,n) brackets on with respect to the action of Miura group. We will prove 

that every such a bihamiltonian structure satisfying certain genericity assumption de- 
termines a Frobenius structure on M. 

Actually our invariant will depend only on the leading order (|3.2.2| ) of the bihamil- 
tonian structure. We will prove the following general result: classes of equivalence of 
tau-symmetric bihamiltonian structures of the form (|3.2.2|) on C{M) satisfying certain 
genericity assumption are in one-to-one correspondence with Frobenius structures on 
M. 

All the calculations will be done in the system of flat coordinates v^, . . . ,f " for 
the metric g^. Denote r/"^ the (constant) components of the metric g^ and 
and r"^(f ) the components of the metric g2 and the Levi-Civita connection for this 
metric. Recall (see Section p.2| above) that, in these coordinates g'^^iv) and V^^iy) are 
expressed in terms of certain functions /i(f), . . . , fniv) as follows 

Tf{v) = d^d,f^{v), 

g^P{v) = d^f^iv) + d^fiv). (3.5.1) 

Here all raising and lowering of the Greek indices is to be done with the help of the 
matrix (r^"^) and the inverse one [rja/s) = (r]"^)"^. E.g., 

We first observe that the densities of the commuting flows of the hierarchy de- 
termined by the bihamiltonian structure ( |3.2.2 ) are just functions on M. They are 
determined by the following procedure. 



Lemma 3.5.1 The bihamiltonian hierarchy determined by (\3. 2. 2j in the flat coordi- 
nates (f . . . , f ") for { , has the form 



71 



where the functions 4'a,p{v) on M are the coefficients of the series solution 

p=-i 

to the linear system 

{g^'iv) - X T]^') d,d^<f) + = 0, /3, 7 = 1, . . . , n (3.5.2) 

such that 

Proof The system (|3.5.2| ) is just the spelhng of the definition 

{.,^{v;X)}f=0 

of the Casimir of the penciL □ 



Observe that the system (|3.5.2| ) coincides with the equations for the flat coordinates 



for the flat pencil g2 — A gi written in the flat coordinates for g-[ . 
Corollary 3.5.2 The flows of the lower level of the hierarchy have the form 

^ = dAd^f.iv)). 

Proof For the coefficient (t>afi{v) of A° we obtain 
where the functions were defined in (|3.5.1|) . So 



(t>a,o{v) = fa{v) + linear. 

Adding of a function linear in v does not affect the fiat pencil neither the Hamiltonian 
equations. □ 

By the assumption the densities h^a,p{v) are related to the densities (pa,p{v) con- 
structed in Lemma p.5.1| by an invertible triangular transformation with constant co- 
efficients. In particular we may assume that 

^L°-i(^) = 

and 

ol"^) = (^afpi'^) + linear function. (3.5.3) 
Actually the linear function in the last formula can be absorbed by a redefinition of 
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Theorem 3.5.3 Let 2. ^ ) be a tau- symmetric hihamiltonian structure. Introduce the 
matrices 

a = (a^J, b := a'^ = (6^), 6"^ := r/°^6f . 
Then there exists a function F{v) s.t. 

Tf{v) = bf^'d^d^d^Fiv), (3.5.4) 

g^f^{v) = b'^'d.d^Fiv) + bf^'d^d^Fiv) + gf. (3.5.5) 

The function F{v) satisfies associativity equations 

d^d0d^F{v)v'^d^d^dsF{v) = dsdpdxF{v)v^^^d^d^d^F{v), (3.5.6) 

a, /3, 7, 5 = 1, . . . , n. (3.5.7) 

The function F{v) is determined uniquely up to adding of at most quadratic polynomial. 
Proof The first of the symmetry conditions ( p.3.5|) reads 

dt^ ^ Wfi' 

Due to ( p.5.3| ) it imphes 



Therefore there exists a function F{v) s.t. 

aUe{v)=d^F{v). 

Hence 

f^{v) = bld^F{v). 

The freedom in adding of hnear functions to /a(f ) corresponds to the freedom in adding 
of a quadratic polynomial to F{v). 

It remains to prove that the algebra with the structure constants 

clp{v) := d^dpd^F{v) 
is associative for any t G M. Indeed, from the quasi-Frobenius property 

for the Christoffel coefficients 

Tf{v) = c':^{v)b^' 

we obtain 

This proves associativity. □ 
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Due to the Theorem the formula 

da ■ df3 := cl^{v)d^ (3.5.8) 

where 

^V^) ■= v''d,dadpF{v) (3.5.9) 

defines on the tangent planes T^M a structure of commutative associative algebra. 

We will now put into the game the condition of compatibility with spatial transla- 
tions. 

Lemma 3.5.4 If the tau-structure is compatible with spatial translations then the func- 
tion F{v) constructed in Theorem \3. 5. Sj satisfies 



didadpF{v) = r]ap. 

Proof By definition we must have 

a\d)3f^{v) = f/3 + const, 

i.e., 

d,dpF{v)=vp + v^p (3.5.10) 

for a constant shift Adding if necesary a quadratic polynomial to F{v) we end the 
proof. □ 

According to the lemma the vector field 

e:=d/dv^ (3.5.11) 

is the unity of the Frobenius algebra on T^M at every point v G M. Actually we have 
a somewhat stronger condition 

for some nonzero constant c. 

We are now to construct the Euler vector field on M. Let us introduce the linear 
function ip{v) = Vi := rjuv'^. The gradient of this function w.r.t. to the second metric 
we will denote E. 

Lemma 3.5.5 The components E°'{v) of the vector field E = E°'{y)da are the follow- 
ing linear functions on M 

E"(f ) = cw" + ^{v^ + t;^) + 77i,c/^° (3.5.13) 

where is the matrix of the operator adjoint to b^, 

6^ := t%,b^^. 
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Proof By definition 

= 9'''iv)dMv) = vi.g'^'iv) = d'^hiv) + d,nv) + r^ugl"-. 

Using 6" = we obtain 
Representing 

and using ( |3.5.1CI| ) we end the proof. □ 



Lemma 3.5.6 Denote ( , ) the bilinear form on T*M corresponding to the second 
metric. Then 

{001,002) = tE^i ■ ^2- (3.5.14) 

Here ooi, 002 G T*M are two 1-forms on M . There product is the 1-form defined via 
the product of tangent vectors on M with the help of the isomorphism 

r] : T„M ^ T^M. 

Proof From tlie condition of symmetry of the Levi-Civita connection 
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we derive that 



Multiplying the last equation by dj3ip{v) and taking the sum w.r.t. 13 we obtain 

□ 



Definition. We say that a solution F(v) to the associativity equations (|3.5.6|) 
is rigid if every constant invariant symmetric bilinear form on the algebras TyM is 
proportional to < , >. A bihamiltonian structure ( |3.1.15|) - (|3.1.171 ) possesing of a 



tau-structure is called rigid if the corresponding solution to the associativity equations 
is. 

Every cubic solution to the associativity equations is not rigid: taking an arbitrary 
constant linear form / we define a constant invariant symmetric bilinear form by 

(a, b)i := /(a ■ b), a, b E T^M. 

Observe that the structure constants c^^(f ) of such a Frobenius manifold do not depend 
on V. Conversely, nonrigid solutions to the associativity equations can be characterized 
by the following statement. 
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Lemma 3.5.7 A solution F{v) to the associativity equations is not rigid if and only 
if there exists a constant ( in the flat coordinates v'^) vector field w non proportional to 
e such that 

dwF{v) = at most quadratic polynomial in v. (3.5.15) 

Proof . Let ( , ) be a constant invariant symmetric bilinear form on T„M non propor- 
tional to < , >. We introduce a constant linear form 

Z(a) := (a, e) 

and a constant vector w = (to") dual to I, i.e. Z(a) =< w, a >, 

Since 
the sum 

does not depend on v. Differentiating the last equation along we obtain 

dwclpiv) = 0. 



That means validity of ( p.5.15|) . Inverting the arguments, we also prove the converse 



statement. □ 

There is a simple way to generate new solutions to the equations of associativity 
starting from a non rigid solution. 

Lemma 3.5.8 Let F{v) be a solution to the equations of associativity and w be the 
constant vector field satisfying ^3.5.13^ . There locally exists a function F'^{v) and a 
constant antisymmetric linear operator p = (p^) such that 

VF'^iv) = wVF{v) + l-p{v) (3.5.16) 

where 

The function F'^{v) satisfies associativity equations 5. (\ ) with the same rj""^ . 



Proof Let us introduce the following 1-form 

■= q^.V'Fiv) = w'c;,iv)d,F{v). 

Here g-y^ := w'^c^eiy{v) by assumption is a constant symmetric matrix. Differentiating 
the above equation twice along v°' and and using the associativity we obtain 
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Due to the symmetry of the r.h.s. in (3 and 7, there exists a constant skew-symmetric 
matrix pj^^ such that 

dfiu;^ — d^Ufs = p0^. 

The one-form 

is closed. Therefore it is locally equal to the differential of a function we denote F'^{v). 
To prove the last statement of Lemma we observe that 

where 

is a constant invariant symmetric bilinear form on TyM. This proves validity of the 
associativity equations for the new function F^{v). □ 



Theorem 3.5.9 For a solution F{v) to the associativity equations corresponding to a 
tau- symmetric hihamiltonian structure compatible with spatial translations the constant 
vector w = {w°') 

^i;° = 2c5f + 6^ (3.5.17) 



satisfies ( 3. 5. It ). The function F{v) satisfies 

dEF{v) = 2F'^{v) + quadratic (3.5.18) 
The Lie bracket of the vector fields E, e equals 

[e,E]=w-ce. (3.5.19) 

Proof From the equation (|3.5.1|) we obtain 

E^d^d^dpF = hld^dpF + Upd^do^F + go^^. 

We can rewrite it as 

d^dp[E'd,F] = Qld^dpF + Q'pd^do^F + g^^p (3.5.20) 

where 

Qi = c5i + hi + ht 
the constant c was defined in ( p.5.12|) . The compatibility conditions 

d,[Q'^d,dpF + Q%d,do,F] = dpU^d^d.F + q;9,9,f] 

implies 
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This means invariance of the constant symmetric bihnear form 

< Q x,y >= c < x,y > + <hx,y > + < x,hy > . 
Therefore the matrix can be represented in the form 



This gives the formula ( p.5.17|) since = c6f. Using Lemma |3.5.7| we arrive at the 
proof of ( p. 5.151) . 

To prove (|3.5.18|) we differentiate ( |3.5.20| ) along v'^ and use associativity to obtain 



d^dpd^{dEF{v)) = 2Q;c,^p{v) = dadfs[2{w ■ VF{v))^] = 2d^dpd^F^{v) 
The Theorem is proved. 



□ 



Recall that a solution F{y) to the associativity equations ( p.5.6|) possesing a 
constant unity vector field e defines on M 3 v a. structure of Frobenius manifold if a 
linear vector field E exists on M s.t. 



dEF{v) = (3 — d)F{v) + quadratic, [e, E] = e. 



(3.5.21) 



Here c? is a constant called the charge of the Frobenius manifold. The linear vector field 
is called Euler vector field of the Frobenius manifold. If a linear vector field E satisfies 



dEF{v) = k F{v) + quadratic, [e, E] = 



(3.5.22) 



for some constant k then we will call M degenerate Frobenius manifold. The theory 
of degenerate Frobenius manifolds is simpler than the theory of Frobenius manifolds 
due to presence of a commutative group of algebra automorphisms generated by e, E. 
In the particular semisimple case a degenerate Frobenius manifold can be described in 
terms of Prym theta-functions of plane algebraic curves of the degree n = dim M with 
an involution (see Appendix below). 



Lemma 3.5.10 // the constant vector field ( \3. 5. 1 Tj ) is proportional to e, 

(c + K,)e 



w 



for some constant k, then, for k the function nF{v), defines on M a Frobenius 
structure with the Euler vector field kT^E, the unity e and the charge 



d=l- 



2c 



(3.5.23) 



If K = then {F{v),E) define on M a structure of degenerate Frobenius manifold. 
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Proof For w = {c + K)e 



So (|3XT8|) gives 



F'"{v) = (c + k)F{v) + quadratic. 



OeF^v) = 2(c + k)F{v) + quadratic, [e, E] = kc. 



For K 

renormalization E 



the last equation coincides with (|3.5.22|) with k 
^E, F ^ kF gives (|3.5.21| 



K 



2c. For K 7^ the 
Observe that, due to the renor- 



mahzation of F{v) the formula (|3.5.14|) for the second metric remains unchanged. 



□ 



Corollary 3.5.11 Every rigid tau- symmetric bihamiltonian structure on C{M) of the 
form l \3.2.2i) compatible with spatial translations in some coordinates can be reduced to 
one of the following two normal forms. 

{v''{x),v^{y)}2 = g''''{v{x))6\x - y) + Tf{v{x))v2Six - y) (3.5.24) 

where 

g»P(v) = E'{v)cf{v) 
is the intersection form of a Frobenius structure on M 



rf{v) = c^\v)\--fi 



:= — VE. 



2) 



{v%x)y{y)},=n'^^5\x-y), 

K(x), t;^(l/)}2 = - y) + Vf{v{x))vl5{x - y) (3.5.25) 

where 

g»P(v) = E'{v)cf{v) 
is the intersection form of a degenerate Frobenius structure on M 

Tf{v) = -c-(t;)/xf 



79 



We will now show that, under the assumption of semisimplicity the bihamiltonian 
structure can be reduced to the direct sum of the structures ( p.5.24| ), ( |3.5.25|) even 
without assumption of rigidity. 

Definition. The bihamiltonian structure ( p.l.l5| ) - ( p.l.l7| ) is called semisimple if 
the characteristic equation 

det{gl\u)-\g\\u)) = 

has pairwise distinct roots for any u G M. 

We will see below that semisimplicity guarantees integrability of the bihamiltonian 
hierarchy ( p.l.30| ). 



Lemma 3.5.12 For a semisimple tau- symmetric bihamiltonian structure compatible 
with spatial translations the Frobenius algebra constructed in Theorem 3.5.h is semisim- 
ple. 



Proof According to Lemma |3.5.6| the linear operator 

coincides with the operator of multiplication by the vector field E. Therefore the 
Frobenius algebra on T„M contains at least one element with simple spectrum. Hence 
all the elements of the algebra are semisimple. □ 



Lemma 3.5.13 Every semisimple solution to the associativity equations possesing of 
a constant unity can be decomposed into a direct sum of rigid solutions. 

Proof Let us consider the subspace W of all constant vector fields w satisfying ( p.5.15| ). 
It contains the unity vector field e. Observe that the operator of multiplication of 
vectors of T^M by any vector w & W has constant matrix in the basis of flat coordinates 
on M. Therefore is a finite dimensional subalgebra in the Frobenius algebra of vector 
fields on M. 

Due to semisimplicity the commuting operators of multiplication by the vectors w 
from W can be simultaneously reduced to the diagonal form. Let Xi{w), . . . , Am(w) 
be the pairwise distinct eigenvalues of these operators. We consider these eigenvalues 
as elements of the dual space W*. We define 

TM = TMi © ... © TMm 

as the decomposition of the tangent bundle into the direct sum of the corresponding 
eigensubspaces. It is easy to see that this is an orthogonal decomposition w.r.t. the 
bilinear form < , > and that the products of vectors from TMj and TMj are all zeroes 
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for i ^ j. In this way we obtain the submanifolds Mi, . . . , Mm- The solution F{v) 
decomposes into the sum 

F{v) = Fi{vi) + ... + Fm{Vm), VseMg 

up to adding of at most quadratic polynomial. 

Denote e^, Eg, Wg the projections of the vectors e, E, w resp. onto the s-th factor. 
The vector Cg is the unity of the Frobenius algebra on Mg. The eigenvalues of the 
operator of multiplication by Wg — Xg{w)eg restricted onto TMg are zeroes. Due to 
semisimplicity this implies that 

Wg = Xg{w)eg. 

Therefore Mg is rigid. □ 



Corollary 3.5.14 Let F{v), v E M be a semisimple solution to the associativity equa- 
tions possesing a constant unity vector field e and a linear vector field E satisfying 



( \3. S.lSj ) where the constant vector field w satisfies ( \3. 5.l3i ). Then M is isomorphic to 
the direct product 

M = MiX M2X ...X Mm (3.5.26) 

of Frobenius manifolds or degenerate Frobenius manifolds. The vector field w must 
have the form 



w = ce 



+ E 



s=l 



hZgCc 



where e = Ci + . . . + Cm is the decomposition of the unity vector fields w.r.t. the product 
structure ( 3.5.20^ , and Ki, Km 0,1"^ some constants. The factors with Kg = 

correspond to degenerate Frobenius manifolds and the factors with Kg ^ correspond 
to the Frobenius manifold Mg with 



and with the Euler vector field 



Kg 



Eg:= ^WsE- 



Proof Decomposing the constant vector field w given in ( [j.5.17 ) w.r.t. the decompo- 
sition ( p.5.26|) we obtain, due to rigidity of the factors 



m 

W = C + ^ KgCg. 
i=l 



where Ki, . . . , Km are some constants. Decomposing also ( p. 5. 181 ), ( |3.5.19| ) we obtain 

dE.Fg = 2(c + Kg)Fg + quadratic, [e^. Eg] = KgCg. 
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The factors with Ks = give degenerate Frobenius manifolds; those with Kg ^ after 
a renormahzation hke in Lemma B.S.IOI are Frobenius manifolds. □ 



It remains to only investigate the freedom in the choice of the tau-structure. We 
will do it for the rigid Poisson pencil ( p.2.2|) . 



Lemma 3.5.15 For a rigid tau- symmetric Poisson pencil of the form ^3.2.^ ) the tau- 
structure is determined uniquely up to simultaneous linear transformations 

h^^p{v) ^ A%,p, p= -1,0,1,... (3.5.27) 

and transformations of the form 

p 

^ Vp(^) + P^'^Bl^h^^p-.-i, p = 0, 1, . . . (3.5.28) 

9=0 

with some nonzero p and a collection of n x n constant matrices B^^, p = 0,1, . . .. 
Proof Indeed, let ha,p{v) := ha}p be another tau-structure. Let us first assume that 

ha,-l = ha -I = Va- 



Let 
From 

using the symmetry 
we derive 



V v: 



For 7 = 1 the last equation implies that the constant bilinear form < Ax,y > on T^M 
is symmetric. From the whole equation it follows that this form is invariant. Due to 
rigidity it must be proportional to < , >. Hence A^ = p5^ for some nonzero constant 
P- 

Let us redenote i?f g := B^. From the next symmetry condition 



we derive that 

dt^~^ dt^^^ "'O^t 
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Hence 

where B2. i is a new constant matrix. The proof of the lemma can be finished using 
induction. □ 



Observe that, conversely, an arbitrary transformation of the form (p.5.27|) , (|3.5.28|) 
map a tau-structure to another one. 

We postpone for a subsequent publication the study of integrable hierarchies cor- 
responding to degenerate Frobenius manifolds. In the remaining part of this paper 
we will assume that the (0, n) Poisson pencil ( p3.2.2D defines on M a structure of a 



semisimple Frobenius manifold. Actually, we will see that not an arbitrary Frobe- 
nius manifold can be obtained starting from a tau-symmetric Poisson pencil ( ^.2.2| ). 
The restriction is that, the spectrum of the Frobenius manifold must contain no half- 
integers. However, an arbitrary semisimple Frobenius manifold generates an integrable 
hierarchy according to the construction of the next section. If the spectrum contains 
no half-integers then the hierarchy admits a tau-symmetric bihamiltonian structure. 
Integrable hierarchies corresponding to the Frobenius manifolds with half-integers in 
the spectrum can be considered as the closure of our construction. For example, these 
hierarchies are conjecturally in the theory of Gromov - Witten invariants of smooth 
projective varieties of odd complex dimension (see below). 



3.6 From Frobenius manifold to the Principal Hierarchy 

Let M be a n-dimensional Frobenius manifold. In this section we construct the inte- 
grable hierarchy on C{M) of the first order quasilinear systems 

^-m-, .=i.....«. (3,6,1) 

Under certain assumptions about the eigenvalues of the gradient VE of the Euler vector 
field E we will show that the hierarchies are generated by the bihamiltonian structure 
of the form ( p. 5. 24 ). We will also construct the conservation laws for the hierarchy 



and, for an appropriate class of its solutions we compute the tau-function. Finally, for 
the case of semisimple Frobenius manifold we will prove completeness of our system of 
conservation laws. 



3.6.1 Commuting bihamiltonian flows on the loop space of a Frobenius 
manifold 

Let us concentrate first at the hamiltonian systems w.r.t. the Poisson bracket { , }i. 
Recall that, in the fiat coordinates f ^, . . . , for the metric < , > on M the Poisson 
bracket has the form 
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The flow with the hamiltonian f = J f{v) dx reads 

Vt = {v{x)J}^ = d,SJf. 
This is a first order quasihnear PDE with the matrix of coefficients 

Denote A{M) the space of smooth functions f{v) on M satisfying 

VaVbf = Va.bLteef (3.6.2) 
for arbitrary two vector fields a, b on M. Here e is the unity vector field on M. 

Theorem 3.6.1 1) For arbitrary two functions f , g & A{M) the hamiltonian flows 

Vt = {v{x)J}i, Vs = {v{x),g}i (3.6.3) 
commute. 2) For any f G A{M) there exists g G A{M) such that 

{ . ,/}i = { • ,g}2- 

Here the second Poisson bracket has the form (|3.5.24|) . 
Proof The commutator {vt)s — (fs)t of the vector fields ( p.6.3| ) reads 

«), - «)i = [dpV'^fd^V^g - dpV'^gd^V^f] . 

Using ( p.6.2|) we rewrite the expression in the brackets as follows 

dpVyd^Vfg - dpV^gd.Vf'f 

= fec?^(LzeeVV^^eeV^f7 - LieeV^gLtCeV' f] v2 = 
due to associativity. 

To prove the bihamiltonian property of the flows with the densities of hamiltonians 
in A[M) it suffices, due to Lemma |2.4.22| , to prove that these flows are symmetries of 
the second Poisson bracket. We leave this calculation as an exercise for the reader. 
□ 



Remark 3.6.2 To find the hamiltonian g for the hamiltonian flow 

vt = {v{x)J}i = {v{x),g}2, 

f{v) G A(M), w.r.t. the second Poisson bracket l \3. 5. 24\ ) one is to find a solution g{v) 
to (\3. 6. 2^ ) satisfying also 

LicEVg + = VLicef. (3.6.4) 

Our nearest goal is to construct a basis in a suitable subspace of A{M). Such a 
basis is just the hierarchy we promised to construct. 
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3.6.2 Spectrum of Probenius manifold, Levelt basis of deformed flat coor- 
dinates, and Hamiltonians of the Principal Hierarchy 

Denote V the deformed flat connection on M x C* 

V„ V = VuV + zu ■ V, u,v E TM, z E C* 

1 

Vjlv = dzV + E ■ V Vv 

dz Z 

where 

V:=^-^-VE (3.6.5) 

is an antisymmetric operator w.r.t. < , >. The unity vector field e is an eigenvector 
of this operator with the eigenvalue 

Ve = --e. 



Lemma 3.6.3 Let f = f{v, z) he a horizontal function for the connection (\3. 6. i.e., 

Vdf = 0. (3.6.6) 

Then 

f{v,z)eA{M) for any z. (3.6.7) 

Proof Spelling the first half of the horizontality equation Vadf = one obtains 

dadpf = zclp{v)d^f. 

In particular, 

did^f = zd^f. 

These two equations imply (|3.6.2|) . □ 



To construct a basis in A{M) we will use the coefficients of expansion at z = of the 
deformed fiat coordinates. By definition these are n independent horizontal functions 
Vi{v; z), . . . , Vn{v] z), that is, 

and the functions satisfy 

Vdva = 0, a = l,...,n. (3.6.8) 
We now describe a particular system of solutions to ( |3.6.8|) . 
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First, using the Levi-Civita connection for the flat metric < , > we obtain a natural 
trivialization of the tangent bundle 



TM ~ M X 1/ 



where is a n-dimensional complex space with a symmetric nondegenerate bilinear 
form that we denote by the same symbol < , >. For an arbitrary linear operator 
A : V —>■ V denote A* : V —>■ V the adjoint operator 

< A*x, y >=< X, Ay > for any x,y eV. 

The horizontal (1, l)-tensor V becomes a linear operator on V satisfying 

V* = -V. 



The horizontal unity vector field e gives a distinguished eigenvector of V in that we 
also denote e. After such a trivialization the deformed fiat connection becomes a fiat 
connection on the trivial bundle M x C* x V. The equation ( p.6.8 ) for the gradients 



Y(v-z) 



Vv(v: z) 



of deformed fiat coordinates takes the form of a system 

daY = zCa{v)Y, a = 1, . . . ,n 



d.Y 



U{v) 



Y. 



(3.6.9) 
(3.6.10) 



Here Ca{v) and hl{v) are the linear operators in V of multiplication by djdv'^ and E 
resp. These operators are symmetric, 

ci = c^, u* =u. 

To fix a system of the deformed fiat coordinates we are to choose a basis in the space 
of solutions to the system ( |3.6.9| ), ( |3.6.1CI| ). Such a basis corresponds to a choice of a 
representative in the equivalence class of normal forms oi the system ( |3.6.10|) near 2; = 
(see details in |^2[). The parameters of such a normal form are called monodromy at the 
origin of the Frobenius manifold. Let us first recall the description of the parameters. 

Definition. The spectrum of a Frobenius manifold is a quadruple (V, < , >, /i, R) 
where ^ is a n-dimensional linear space over C equipped with a symmetric non- 
degenerate bilinear form < , >, semisimple antisymmetric linear operator fi -.V , 
< fla,b > + < a, fib >= and a nilpotent linear operator R : V ^ V satisfying the 
following properties. First, 

R* = -e'^'^Re-'''^ (3.6.11) 



Observe the following consequence of ( p.6.11|) 



Re 



271 i /i 



^2tt ifi 



R. 



(3.6.12) 
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The operator R must also be jj,-nilpotent, i.e., it must preserve a natural flag in V 
associated to the operator /t. The flag is constructed as follows. 

For a given p G Spece^'^'^'^ denote /Xmax = /^max(p) G Spec ft the eigenvalue with the 
maximal real part satisfying e^'^*'^™'"' = p. For every nonnegative integer m define the 
subspace 

:= ©o<fe<m ©pe5pece2--A Ker [p - (/imax(p) - k) ■ l] G V. (3.6.13) 

Clearly 

= c 1/° C C (3.6.14) 

For sufficiently large m one has V"^ = V. Let = /ci < A;2 < A^s < • • • < /c; be all the 
integers such that 

yki-l _^ yki 

Denoting 

F^:=V^\i = l,...,l (3.6.15) 

we obtain a flag 

= FoC FiC...CFi = V. (3.6.16) 
Definition. The flag (|3.6.16| ) is called Levelt flag associated with {V, < , >, p)- The 



operator R : V V is called p-nilpotent if the Levelt flag is invariant 

R{F^)CF^, J = 0,1,...,/. (3.6.17) 

By the construction the operator R satisfles 

zf^Rz-f" = Ro + Riz + R2Z^ + ... (3.6.18) 

where the coefficients of the matrix valued polynomial are nilpotent operators i?o, Ri, 
. . . such that 

R = Ro + Ri + ... (3.6.19) 

and 

RkiV^) C V^-\ (3.6.20) 

Observe the following useful identity 

z^RkZ-f^ = z'^Rk, A: = 0,1,... (3.6.21) 

[p,Rk] = kRk, A; = 0,1,.... (3.6.22) 
The spelling of the equation ( p.6.11| ) for the coefficients Rk reads 



Rl = {-l)''+^Rk, fc = 0,l,.... (3.6.23) 
Any polynomial of the matrices Rk can be uniquely decomposed as follows 

P{Ro, Ru ...) = [P{Ro, Ri, . . .)]o + [P{Ro, . . .)]i + . . . (3.6.24) 
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z^[P(i?o, Ri... .)]kz-^ = z'iPiRo, Ri,.. .)]k- (3.6.25) 

The last ingredient of the monodromy at the origin is an eigenvector e & V oi fi 
satisfying Rqc = 0. It will be needed later on. 

We will now explain how to associate a 5-tuple {V, < , >,fi,R,e) to a Frobenius 
manifold. The linear space V with a symmetric nondegenerate bilinear form < , > 
and a vector e E V have already been constructed above. Denote fi : V ^ V the 
semisimple part of the operator V, i.e., 

IJ' ■= ®^i(iSpecvl^Ppi (3.6.26) 

where : — > is the projector of V onto the root subspace of V 

V = ©^eSpecvV;, ■= Ker (V - /i ■ 1)", 

P^l{y^J.') = for yU 7^ /i', P^\v^, = idvp. Clearly the operator fi is antisymmetric, jl* = —fi. 
Denote Ro the nilpotent part of V 

V = il + Ro. 

Other operators Ri, R2, ... are not determined by V only. They appear only in presence 
of resonances, i.e., pairs of eigenvalues /i, /i' of V such that ji — jj! E Z>o. 

Let us choose a basis ei, . . . , e„ in \^ such that ei = e. The matrices of the linear 
operators fi and R we will denote by the same symbols. 



Theorem 3.6.4 For a sufficiently small hall B E M there exists a fundamental matrix 
of solutions to the system 6. ( \3. 6.1(\ ) of the form 

Y{v-z) = Q{v;z)z^z^ (3.6.27) 

such that the matrix valued function Q{v; z) : V ^ V is analytic on B x C satisfying 

e{v;0) = l (3.6.28) 

e*{v;-z)e{v;z) = 1. (3.6.29) 



This was proved in for the case of diagonalizable V. The general case can be 
settled in a similar way. Note that a branch of logarithm log z is to be fixed in order to 
define the matrices 2;^ := e^'°s^ and z^ := e^'°s^. The latter matrix is polynomial in 
log 2;. The fundamental matrix (|3.6.27|) is analytic on the universal covering B x C*. 



Remark 3.6.5 Forgetting about the first part ^767^ of the linear system and also 
about the orthogonality l \3. 6. 29i ) we arrive, for a fixed v, at a distinguished fundamental 
matrix for the system of linear differential equations ( \3. 6. 1 (\ ) with rational coefficients. 
It essentially coincides with the fundamental matrix constructed by F.R.Gantmakher 
/ (g^/ and A.H.M.Levelt \103J . The decomposition ^3. 6.19i) corresponds to the Levelt's 
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flag in the space of solutions V to l \3. 6.1(\) determined by the following non-archimedian 
valuation function 

i^lY) := maximal integer m such that lim z~^'Y{z) = for any real r < m (3.6.30) 



for a non-zero solution Y = Y{z) (it is understood that, during the limit in 6. 3(\ ) 
z goes to zero within an arbitrary fixed sector of the universal covering of C*j, and 
z/(0) = oo (see details in jlO^] }. If 

oo = Uq > Ui > . . . > Ui 

are all the values of the valuation function then the Levelt's flag 

= Fo C Fi C . . . C = V 

in the space of solutions is defined by 

Fk:={yeV\iy{y)>iyj,}. (3.6.31) 

The flag is invariant w.r.t. the monodromy around z = transformation given in the 
basis ^3. 6.21 ) by the matrix 

Mo = e2"^V"^^. (3.6.32) 



The fundamental matrix l \3. 6.21\ ) maps the flag ( ^. G.lf^ to the flag ^3. 6. 3]\ ). 



Let us now describe, following |42], the ambiguity in the choice of the fundamental 
matrix ( ^.6.271 ). Denote P{V, < , >, /i, e) C Aut V the group of linear transformations 
A : V ^ V satisfying 

z^Az^^ = polynomial in z (3.6.33) 
A*e^'^A = e"*'^ (3.6.34) 
Ae = e. (3.6.35) 



The group acts on the fundamental matrices of the form (|3.6.27| ) by the formulae 

R^A-^RA (3.6.36) 
e{v; z) ^ e{v; z){Aq + zAi + ...) (3.6.37) 

where 

z^Az-^ = Aq + zAi + ... (3.6.38) 

Theorem 3.6.6 Two fundamental matrices of the form ^3. 6.2Ti ) correspond to the 
same Frobenius manifold iff they are related by the transformation ( \3. 6. 3dJ - ^3.6.310 . 
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Definition. Two 5-tuples (V^i, < , >i, fii,ei, Ri), i = 1,2, are called equivalent if 
there exists an isomorphism : — > V2 and A G P{Vi, < , >i,/ii) such that 

(f)* < , >2 = < , >1 
/i20 = 

0(ei) = 62 

Definition. Class of equivalence of the parameters in ( ^.6.271 ) is called monodromy 
at z = {) oi the Frobenius manifold. 

Columns of the fundamental matrix ( p. 6. 271) are gradients of a system of deformed 
fiat coordinates. Due to constancy of fi, R also columns of Q{v]z) = [Q'^(v; z)) are 
gradients of some analytic functions on 5 x C that we denote 9i{v; z), . . . , 9{v; z) 

Q%v-z) = V''ep{v-z). 

We obtain a system of deformed fiat coordinates of the form 

{vi{v- z),..., Vn{v- z)) = {Oiiv; z),..., en{v; z))z^z'^. (3.6.39) 

Definition. We will call ( |3.6.39| ) Levelt system of deformed fiat coordinates on M 
at z = 0. 

Denote 6'q, p the coefficients of the Taylor expansions of the analytic part of a Levelt 
system of deformed fiat cordinates 

00 

e^{v;z) = J2^o.A^)^''^ a = l,...,n. (3.6.40) 

p=0 

The coefficients 6a,p are determined from the recursion procedure 

dxd^e^M = c''^^iv)d,e^,j,.,iv), p>0, (3.6.41) 

da,0 = Va = VaeV' (3.6.42) 

with the additional constraints for the matrices &p{v) := (V"^/3,p(f )) given by 
(p + l)Qp+iiv) + [ep+iiv), V] = U{v)%{v) - J2 Qp-k+i{v)Rk, p = 0, 1, . . . . (3.6.43) 

k>l 

In particular, 

e^,iv) = ^ (3.6.44) 

9,,2{v) = ^^v^-2F{v). (3.6.45) 

In these formulae F{v) is the potential of the Frobenius manifold. 

Denote Ao{M) C A{M) the subspace of all solutions to (|3.6.2| ) polynomial in the 
first coordinate w^. It is a dense subspace when restricting to functions on a compact 
in M. 
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Lemma 3.6.7 The coefficients 6a,p{v) form a basis in Ao{M), i.e., every solution f{v) 
to ( \3. 6. Sj) polynomial in can be uniquely represented as a finite linear combination 



with constant coefficients 0°"'^. 



Proof Let us first prove that 6a,p{v) are polynomials in v^. Indeed, from ( 3.6.41 ) it 
follows that 

diOa,p{v) = 9a,p-i{v), P>0, 

Polynomiality follows from these equations. Moreover, we can compute the leading 
terms of the polynomials: 

Oa,k+i{v) = Vai ^j^ _^ +22^'^^'""' of 1°^^^ degrees in v'^. (3.6.46) 



From the above equations and from ( p.6.41| ) it also follows that 6a,p{v) satisfies ( p.6.2| ). 



So, 6a,p{v) G Aq{M) for a = 1, . . . , n, p = 0, 1, . . .. 

Let us now prove that these functions form a basis in Aq{M). We use induction 
w.r.t. the degree of f{v) G Aq{M) as a polynomial in v^. For the polynomials of the 
degree the equation (p.6.2|) gives 



dadpfiv) = 0. 

So f{v) is a linear function of the fiat coordinates 

/(i;) = 5^c"'X,oM + const. 

Assuming the Lemma already proved for the polynomials of the degree degj,i f{v) < 
k — 1 consider 



f{v) = fo{v) + fi{vy + ... + f,{v) 



k\ 

where 



V = (f ^, . . .v'^ 



Then from (|3.6.2|) we deduce that fk{v) is a linear function 

fkiv) = a'v^ + b 

where a^, . . . , a"', b are some constant coefficients. Due to independence of fk on 
the coefficients a"^ satisfy 

a^rj^i = 0. 
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Using ( p.6.46|) we show that the polynomial 

f'{v) := fiv) - a%,k+,{v) -bT]'''9^,,{v) G Ao{M) 

has degree in less than k. 

It remains to prove linear independence of the functions 6a,p{v). Assume that a 
nontrivial linear combination 

m n 

and not all the coefficients c"'™' vanish. Applying the operator 9™ we obtain 



0"'*"^ „ = const. 



This contradicts independency of the fiat coordinates. □ 

We arrive at the main construction of this section, i.e., at an infinite family of 
commuting fiows 

dv 

—— = {v{x), Ha^p}i = d^V6a,p+i{v) = V9a^p{v) ■ v^, H^^p := O^^p+i, p = 0, 1, . . . . 

(3.6.47) 

In particular from ( p. 6.44] ) it follows that 

dv dv , , 

dt^ - d-. ^'-'-''^ 



dtf^ 

From ( |3.6.45| ) we also obtain that 

^ = ^ ■ (3.6.50) 

In the last formula we identify the vector f G M of the fiat coordinates with the tangent 
vector V G TM having the same components. 

Definition. The hierarchy ( |3.6.47| ) of the first order quasilinear evolutionary PDEs 
on C{M) is called the Principal Hierarchy corresponding to the Frobenius manifold M. 

The product map ( |3.3.11| ), ( |3.3.15| ) is given by the following multiplication table 

Oa,p * OfS^g = ^a,p;f3,g{v) (3.6.51) 

where the generating function of the coefficients ^a,p;i3,q{v) is given by 



y2^o.,p;l3,qiv)zPw 

^-^ z + w 

oo / \k—l 



k=l 

(3.6.52) 
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Example 3.6.8 For one- dimensional Frohenius manifold F{v) = . Here 

e{v,z) = e'\ e,^^ = --—, p = 0,l,.... (3.6.53) 

{p + iy. 

Redenoting the times t^'^ =: t^ we obtain the hierarchy 

dv , , 

In particular 

dv 

This equation (after the change of the sign of the time t^ ^ ~t^) is sometimes called 
dispersionless KdV or nonviscous Burgers equation. It also coincides with the Riemann 
simple wave equation. The hierarchy ( \3. 6. 5^ ) is the simplest example of the hierarchies 
in our considerations. We suggest to call it Riemann hierarchy. 

The product map of two polynomials (or power series) in v is given by the following 
formula 

fiy) * g{v) = / dv f'{v)g'{v). 



Example 3.6.9 For the two-dimensional Frobenius manifolds the only parameter is 
the charge d. It is convenient to introduce parameter k, s.t. 



d=l--. 

K 



For generic n ^ —1, 0, 1 



(3.6.55) 



The deformed flat coordinates can be expressed via modified Bessel functions. The 
normalized system of deformed flat coordinates ( | J. 6. reads 



= Vf2 e^" r(l + K-') {k - K 



^ T(m + 1 + K-^' 



.m>0 



'K 

y2 m 

m\ 



-1 + 1 







(f ^) 2] — 2; « 2 



K 
2m 



m>0 



r(m+ 1 - K-1) 



Z2 ^, 
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The matrices fi and R in i\3. 6. 3(\ ) are given by 



fx 



.1+1 

2 ' K 





1 _ i 

2 K 



R = 0. 



The hamiltonian flow (\3. 6. 5(\) after changing of the sign of the time variable t 



-t^'^ and redenoting 



V, V 



p coincides with the equations of motion of one- 



dimensional polytropic gas with the equation of state p = -;^p 



K+l . 



Vt + 



Pt + {pv] 



+p' 



0. 



The bihamiltonian structure ^3. 5. 24 ) reads 



{v{x),v{y)}[^ 
{v{x),p{y)}^^^ 

{p{x),p{y)}^^ 



2p^-\x)6'{x-y)+{p''-')j{x-y), 
(v(x) — A) 6'(x — y) -\ — v'(x) 6(x — y), 

- (2 p{x) 6'{x -y)+ p'{x) 5{x - y)) . 

K 



(3.6.56) 



This bihamiltonian structure for the polytropic gas equations has been found by P. Olver 
The above formulae remain valid also for the exceptional values k = ±1 where 
the expression for the potential of the Frobenius manifold is to be modified. For the 
particular value k, = 3 the Frobenius manifold ( 3.6.5d[ ) corresponds to the A2 topological 
minimal model Wt 



Example 3.6.10 The exceptional 2-dimensional Frobenius manifold with the charge 
d=l 

F = ^{v^fv'' + e''' (3.6.57) 

corresponds to the quantum cohomology o/CP^ / p^/ (it will also be called CP^ sigma- 
model). The deformed flat coordinates can also be expressed via modified Bessel func- 
tions. We have 



2 



So the normalized system (\3. 6. 3^ ) reads 



(3.6.58) 



{vi{v; z),V2iv; z)) = (6*1 (f; 2;), 6*2(1'; 2;)) 



z-2 
z'2 



1 
2 log ^ 1 



(3.6.59) 



where 



eiiv;z) = -2e''"" (iro(2^e^') + (log z + 7)10(2^65"')) 
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1 ~2 rn 

-2e'^' 5^(7 - -v^ + ^(m + l))e-^^^, (3.6.60) 




1 „zv^ T 



' Jo (2^6 



e^^'+^^^f— - 1 I . (3.6.61) 



1 z 



2 ) — Z 
2?Tt 



^m>0 



Here 7 denotes Euler's constant, ipiz) stands for the digamma function. 

The —t^'^-fiow has still the meaning of one- dimensional isentropic fluid (polytropic 
gas) with the equation of state p = {p^ — 2p + 2)e^. It is more instructive to look at the 
t = t'^'^-fiow. Using ^3. 6.49i) we obtain the so-called long wave limit of the Toda lattice 
equation 

Ptt - (e").. = 0. (3.6.62) 

The bihamiltonian structure reads 

{vix),viy)}f^ = 2e^(^) 6'ix - y) + (e^(^))^ 5(x - y), 
{v{x),p{y)}f^ = {v{x) - A) 6'{x - y), 
{p{x),p{y)}f=2 6'{x~y). 



Remark 3.6.11 In the setting of two-dimensional topological field theory \2^ , 



146 } the Frobenius manifold is called small phase space. The basis of the Hamiltonian 
densities Oa,p{v) coincides with particular two point tree level correlators 

da,p{v) =< 7p(0«)ro(0i) >o 

as functions on the small phase space. Here (pi corresponds to the identity operator. 
Other two point tree level correlators are 

< Tp{(j)a)Tq{(j)i3) >o= 6a,p * 0f3,q. 

To extend these formulae on the big phase space one is to evaluate these functions on the 
topological solution v = v{t) (see ^3. 6. 89{ ), l\3. 6.9(\ ) below) of the Principal Hierarchy. 



We are to clarify an important point about the bihamiltonian nature of the hierarchy 
( p.6.47|) . Although all these equations, as it has been proved in Theorem |3.6.1| , are 



bihamiltonian flows w.r.t. the Poisson pencil ( |3.5.24| ), their hamiltonian densities in 
A{M) not always belong to Aq{M). For example, the spatial translation flow on C{M), 
M being the Frobenius manifold of the Example p.6.10| above 

w.r.t. the first Poisson bracket has the hamiltonian V1V2 with the density V1V2 G Ao{M). 
But the hamiltonian density of this flow w.r.t. the second Poisson bracket 

2 



1 2 
9 = ^v, 



^V2 - \ogvi + \/vf - 4e^2 
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does not belong to Aq{M). We will show below that the hamiltonians of all but a finite 
number of the fiows of the hierarchy (|3.6.47|) w.r.t. the second Poisson bracket belong 
to Ao{M). 

3.6.3 Periods of the Frobenius manifold and the bihamiltonian recursion 
for the Principal Hierarchy 



The first step will be to show that the hamiltonians of the hierarchy ( ^.6.47 ) are ob 



tained by a triangular transformation from those given by the bihamiltonian recursion 
procedure presented in Section |3.1.2| above. To do this we are to find the reducing 
transformation for the Poisson pencil { , }a' = { , jl'' ~ ^{ ; if^ to express the co- 
efficients of the expansion of this reducing transformation in terms of the hamiltonian 
densities Oa,p{v). 

Definition. The functions p = p{v; A) satisfying 

(V*-AV)rfp = (3.6.63) 
are called periods of the Frobenius manifold. The system (|3.6.63|) is called the Gauss- 



Manin system on the Frobenius manifold [41 



Here V* is the Levi-Civita connection for the metric ( , ). The connection is 
well-defined outside the discriminant E C M (see details in 



Choosing a system of n independent periods we obtain a system of fiat coordinates 
p^{v] A), . . . , p"(w; A) for the fiat pencils of metrics ( , )x ■= { , ) — A < , > 

{dp'{v; A), dp^{v; A))^ = G'^ (3.6.64) 

for some constant nondegenerate matrix G^^ . According to the results of Section |2.4.5| , 
choosing p'-{v; A), i = 1, ... ,n as a new system of depending variables we obtain a 
reduction of the Poisson pencil to the canonical form 

{p\vixy, X),p^iviyy, A)}a = G^'6'ix - y). 
Using results of we will produce a particular system of independent periods 



specified according to their behaviour for large A. For technical reasons it will be 
convenient to label these periods by lower indices; the roles of upper and lower indices 
therefore will be interchanged in the subsequent formulae. 

Theorem 3.6.12 Let M be a semisimple Frobenius manifold such that the spectrum 
of V does not contain half-integers. Then the transformation p^ = Pa{v] X) reducing 
the Poisson pencil to the constant form 

{Paiv{x); \),pp{y{y)] A)}a = Go,p5\x - y) 

with a constant matrix G = (Gap) 

G = -2tt t] [e^^ V*'^ + e-'^'^e-''''^] (3.6.65) 
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is given by the formula 

p{v; A) = {p,{v; A), . . .,pn{v; A)) = {7t,{v; A), . . . , 7r„(t;; A))A-^^A-^ (3.6.66) 

where the vector function 7i{v; A) = {tti{v; A), . . . ,7r„(t>; A)) is analytic for sufficiently 
large |A|. It has the following Taylor expansion at X = oo 



oo ^ 

7r(t;;A)=7rW(A) + 5^A-'" J] e^{v)r^{R, + m + (3.6.67) 

m=0 p+q=m 

X^uJiTq{R,fi + q-]-), u;i := (7711,7712, ... ,?7i„). (3.6.68) 



9>0 

In this formula Op{v) = {9i p{v), . . . , 9n,p{v)). The decomposition of the matrix polyno- 
mial = [e^]o + [e-^]i + . . . was defined in 6.24) , ( \3- 6. 2^ ). The matrices Tg{R, fi + a) 
for an arbitrary complex number a such that the spectrum of the matrix fi + aid does 
not contain negative integers are defined by 

Tg{R, fi + a)= [e^^"] V{fi + a + z/)^=o- (3.6.69) 

Proof As we already know, the reducing transformation for the Poisson pencil { , }2 — 
A{ , }i is given by a system of the flat coordinates for the flat pencil of metrics 
( , ) — A < , >. The latter can be obtained |^ by applying the Laplace-type integrals 
to the deformed flat coordinates 

Pc{v] A) = / e^^^'vaiv] z)^, a = 1, . . . , n. 



Here the symbol of loop integral means just the possibility of integration by parts 
dropping the boundary terms. On a semisimple Frobenius manifold the above loop 
integral can be regularized as follows. Consider the integral 

V^:\v-\)= e-^^v^{v-z)^ (3.6.70) 

along the ray arg z = on the complex 2;-plane. Here z/ is a complex parameter. The 
integral converges at 2; = for Re z/ >> 0. It also converges at z = e^^^oo for sufficiently 
large |A| > r for some r = r{y) due to the exponential behaviour of the deformed flat 
coordinates oX z = 00 (here the semisimplicity of the Frobenius manifold plays the 
crucial role!). Rotating the argument 93 we obtain an analytic continuation of the 
integral onto the universal covering of the disc r < |A| < 00. It remains to analytically 
continue the integral into the point of interest z/ = to obtain the needed functions 

p„(t;;A) ■.= p^^{y-X). 

We will do the needed analytic continuation just integrating the terms of the expansion 
( p.6.39|) , (|3.6.40| ) and then setting x to zero. This can be done using the following 
calculations 



e '^"Z' 



Jo 
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EE 

q>0 k>0 



k\ 

g>0 A:>0 

q 

where we used the following obvious integral 

POO 

/ e-H'-Hog^tdt = d'^T{s) 
Jo 

and also the commutation relation 

fifi) [P{Ro, Ri, . . .)], = [PiRo, Ri,-- .)] J(A + q) 

valid for an arbitrary polynomial of the matrices Ri and for an arbitrary analytic 
function /. 

We see that the coefficients of the above series are meromorphic functions on the 
complex i/-plane with the poles at 

1, 



7? 



(3.6.71) 



For every pole in ( |3.6.71 ) only finite number of the coefficients of the series become 
infinite. Therefore the sum of the series is a meromorphic function in x with poles at 
( p.6.71|) . Due to the assumption about the spectrum of V = spectrum of fi the value 



= is not a pole of this series. Setting z/ = we obtain the proof of (|3.6.66| ), ( p.6.67|) . 
Note that the term 7Ca\)^) does not depend on v. It drops from the Gauss - Manin 
system ( p. 6. 631 ). We choose this term in such a way to have the identity 



dp{v] A) dp{v; A) 



dX 



valid. 



(3.6.72) 
□ 



Remark 3.6.13 The Poisson brackets {Tia{v{x); A), T^piviy); \)}\ are also constant hut 
they depend on \: 



{7r„(t;(x); A), 7r^(i;(y); A)}a = gap{,\)5\x - y) 
(Go^p) =-2Ti\r, 



We are now able to write explicitly down the bihamiltonian recursion relation for 
the Principal Hierarchy. 
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Theorem 3.6.14 Under the assumptions of the theorem \3. 6.1^ the following recursion 
relation holds true 



— T = ^ \P + + -] ^ — i:Rk- (3.6.73) 



'dtp-^ dtp y 2j ^ dtp~^' 

Here 

d f d d 



dp ' \dt^'P' ■ ■ ■ ' df^'P^ 
Proof Applying the recursion operator to the hamihonian flow 
vt = Mx), /}i = d,Vf{v), f := j f{v) dx 

with an arbitrary Hamihonian density /(f) one obtains 

= V*"9,/(f)f2- 

For the generating function of the flows of Principal Hierarchy we take 

/ = v{v;z) 

and use the identity 



\/*dv = {d, - ^)Vrf5 (3.6.74) 
to arrive at the needed recursion relation. □ 

If the spectrum of fi contains half-integers then the Gauss - Manin system has 
solutions polynomial in A. The recursion operator (|3.6.73|) becomes degenerate. In 
other words, although the flows of the Principal Hierarchy remain bihamiltonian, their 
Hamiltonians are not described by the bihamiltonian recursion procedure. 

More specifically, if | G Spec fi then the two Poisson brackets have common 
Casimirs. E.g., in the particular example of the CP^ model the variable V2 is the 
density of a Casimir for both Poisson brackets. 



3.6.4 Solutions to the Principal Hierarchy and their tau-functions 



We will now describe a natural class of solutions to the hierarchy ( p. 6. 47] ) and compute 
explicitly their tau-functions. 

We will consider analytic solutions of the hierarchy, i.e., power series in the variables 
t := (r-P) with the coefficients in C[[e]] 

V = v{x,t,e) = ao(e) + ^ a„i,pi,.,„„p,(e)t"^'P^ . . . r'='f'=|ti,o^ti,o+,. (3.6.75) 

fc>0 
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Analyticity of the function in infinite number of variables is to be understood as follows. 
Setting t'^'P = for all a = 1, . . . ,n, p > for an arbitrary positive integer we 
must obtain a power series in the finite number of variables x and t^''', (3 = 1, . . . ,n, 
< q < N with the coefficients in C[[e]]. Every term of the formal power series in e 
must be a convergent series in x and t^'^ /5 = 1, ...,n, < g < A^ in a ball near the 
origin of the space C"^"*"^ (the size of the ball may depend on A^). 

To make it possible the substitution of the solution to the equations of the hierarchy 
the vector ao(0) must be a point in the Frobenius manifold M. The vector Vx for e = 0, 
t = 0, X = can be considered as an element of the tangent space at this point: 

v,{x = 0, t = 0, e = 0) G T„=,„(o)M. (3.6.76) 



Definition. The solution ( |3.6.75|) is called monotone at the origin if the vector 



is an invertible element of the algebra Tv=ao 

(o)M. 

We will now construct a dense subset in the space of analytic monotone solutions. 

Let us fix a point f o G M and a collection of formal power series c"'P(e) G C[[e]] 
with constant coefficients, a = 1, . . . , n, j9 > 1 with only finite number of them being 
nonzero such that the multiplication operator 



mo :-- 



V5^c"'^(0)^^,,p_i(t;) ) : T,,M ^ T,,M (3.6.77) 
p>i 



v=vo 



is invertible. We are to also fix n series c°' (e) G C[[e]] such that 



'°(0):=-V"5^c^'^(0)^,,,(.;o). 
p>i 



The solution to the hierarchy will be defined by the following system of equations 

xe + Y^ r'PVe^^p{v) = (3.6.78) 

where 

T'P :=t"'f -c"'^'(e). (3.6.79) 



Theorem 3.6.15 1) There exists a unique solution to the system ( \3. 6.78^ in the form 
\3. 6.73i ) with ao(0) = Vq. It satisfies the equations of the hierarchy 6.4V - 2) The 
solutions of the form ( 3.6.7^ are dense in the space of analytic monotone solutions to 
the hierarchy. 



The first part of the theorem is an analogue of the Tsarev's generalized hodograph 
transform in the theory of integrable systems of hydrodjTiamic type ||140|| adapted for 
the case of hierarchies of these systems. A construction of a dense set of solutions for 
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certain particular classes of systems of hydrodynamic type has been obtained in ||35 

m 



Proof Differentiating (|3.6.78| ) w.r.t. f ^, . . . , v'^ and setting a; = 0, t = 0, e = we 



obtain the Jacobi matrix of the system coinciding with the nondegenerate matrix —mo 
of the operator (|3.6.77|) . Therefore existence and uniqueness of an analytic solution of 



( |3.6.78| ) with t°'P = for p > 

A:>0 fc>0 0<Pi,--;Pk<N 

for every positive N is an immediate consequence of the implicit function theorem. 
Differentiating ( p.6.78| ) w.r.t. x and t"'^ we obtain 



W ■ Vr 



w ■ df^.pv = —VOa^piy) 
where the operator of multiplication by the vector 



w 



is invertible for small t^''^ and for v close to Vq due to our choice of Vq and of the 
constants c^''?(e). The equations of the hierarchy 

readily follow by dividing over w. 

Let us prove density of the constructed solutions. Let v = v{x, t, e) be a monotone 
analytic solution to the hierarchy s.t. v{0, 0, 0) = fo € M. From the monotonicity 
condition and from the level zero equations of the hierarchy 

dto^ov^ = c^^^iv)d,v^ (3.6.80) 

it follows that 

, /at;"(0,0,0)\ 

Restricting this solution onto the subspace t"'^ = for p > and using the nondegen- 
eracy of the Jacobian we can rewrite this restriction in the following implicit form 

x+ ti.o =f\v,e), 

... , (3.6.81) 

=nv,e). 

Here f^{v,e), . . . , /"(f , e) are some formal power series in e with the coefficients analytic 
in a ball near v = vq. 
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Lemma 3.6.16 The functions /°(f,e) have the form 

r(t;,e) = V"/(t;,e) (3.6.82) 

for some function f{v,e) G A{M) Conversely, every function f{v,e) satisfying 6. ^ ) 
defines a solution to the Principal Hierarchy (\3. d.^lj ) in the implicit form 

xe + Y. ^"'^ ^^o.M = e)- (3.6.83) 

Proof Differentiating ( p.6.81|) w.r.t. x and f^'^ and using again the level zero part 
( p.6.80| ) of the equations of the hierarchy we obtain 

- Q^e ■ 

The last equation can be recast into the form 

^ fa ' 



where we denote 
In particular, 
Hence 
i.e., 



faiv,e) := r]af3f^{v,e). 
v. = (V/i)-\ 

V/„ = Ca ■ V/l, 



d/sfa = clpd^fi- 
The symmetry in a and (3 proves closedness of the one-form 

faiv,e)dv° = df{v,e) 

and also implies the equation ( p. 6. 2] ). □ 



To finish the proof of the Theorem we just approximate near v = vq the coefficients 
of the e-expansion of the solution f{v,e) to the system ( |3.6.2| ) by the coefficients of 



the expansion of another solution f{v, e) to (p.6.2|) polynomial in v^. Applying Lemma 
3.6.7| to the function f{v, e) (with possibly the adding to it a linear in v°' term) we 



obtain a finite linear combination 

/>,e) = J]c"'P(e)^„,, 

p>i 

for some constants c"'P(e). We now use these constants together with V°/(fo,0) = 
— c°''°(e) to produce a solution ( p. 6. 781 ) to the hierarchy. Let us denote this solution 



f(x,t,e). It will approximate the given number of the coefficients of the expansion of 
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the given solution to v{x,t,e) to ( p.6.83|) in a power series in e when restricted onto 



a finite-dimensional subspace t"'^ = for p > for sufficiently small |x| and \t°'''''\, 
< p < N. The Theorem is proved. □ 



The equation ( |3.6.78| ) can be rewritten as the following stationary point equation 

V<l>.,t,c(e)(t^) = (3.6.84) 

where the function ^x,t.c{t){v) on M depending on the parameters x, t = (t"'^) and 
c(e) = (c"'^(e)) has the form 

<^.,t,cie)iv) = 5^r'^^a,p(t^)|?i,0^?i,0+,. (3.6.85) 

(The solution depends also on the choice of the point vq E M such that 

V°$o,o,c(o)(t'o) = 0, a = l,...,n. 

However, locally Vq is uniquely determined by c(0) due to invertibility of the vector 
V ^ c"'^(0)6'o,p-i(fo) € T^gM.) As we have just proved the dependence of the station- 
ary point that we denote v{x, t, c(e)) on the parameters x and t satisfies the equations 
of the hierarchy (|3.6.47| ). The representation ( p.6.84|) will be useful in all calcula- 
tions with the solutions of the hierarchy and with their tau-functions. Observe that 
^x,t,c{t){v) can be considered as a vector of the space /C ® C[[e]] of the densities of the 
conservation laws of the hierarchy depending explicitly on x, t and e. 



Theorem 3.6.17 The tau-function of the solution v{x,t,c{e)) defined by 6. 84 ) has 
the form 

J^o(a;,t,c(e)) = e^log r = ^^x,t,c(e){v) * $x,t,c(e)(f )|i,=i,(x,t,c{e)) 

(3.6.86) 

The first derivatives of the tau-function w.r.t. the times of the hierarchy are given by 
the formula 

e^(9tc.,plog r = 9a,piv) * $a;,t,c(e)(^')|i,=«(x,t,c(e)) = ^ t^'^fia,p;/3,g(f (x, t , c(e) ) ) . (3.6.87) 



Recall that the product map * was defined in ( |3.3.11| ), ( ^.3.151 ), ( p. 6.511 ). 



Proof Differentiating (|3.6.86| ) w.r.t. t'^''' and using 
we obtain 
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The second part of the formula vanishes for v = v{x, t, c) due to ( p.6.84|) . This proves 
( p.6.87| ). Repeating the trick we obtain 



2 d'^ log T 



The theorem is proved. 



□ 



Example 3.6.18 The particular solution to the Principal Hierarchy specified by the 
constants 

d^'P = 5^ SP (3.6.88) 
will be called topological solution. It is specified by the following fixed point equation 

v = V^.,t{v), ^.,t{v) = Y,t"'''^<^A^)- (3-6.89) 
The expansion of the topological solution has the form 

v-{t)=t"''+ Yl (3-6.90) 

k>l,pi>l 

the coefficients are determined recursively by ^3. 6. SSj) . For example, we have 



4° 



d9 



I3,q 



A 



1 d^9 



2 dvadvj dvy 



As it was shown in plj] , the logarithmic derivatives of the tau-function of the topo- 
logical solution satisfy the genus zero topological recursion relations j^/ . In order to 
formulate these recursion relations we introduce the symbols ("the genus zero correla- 
tion functions" ) 



)---Tp,(0aJ))o:=e^ 



d'' log T 



(3.6.91) 



They are functions of all the times t^'P. The following identities hold true for these 
functions 



((7-p(0a)rg(0^)rr(0^)))o 

= ((Tp-i(0a)ro(0i.)))or/''^((ro(</)^)rg(0/3)rr(0^)))o. 



(3.6.92) 



In topological sigma-models expanding the function logr at the point of classical limit 
one obtains from 6. 92j the corresponding identities for the intersection numbers of 
the Gromov - Witten Mumford - Morita - Miller classes on Ai^^k HHf^ HH/. 

On the small phase space t"'^ = for p > the logarithm of the tau-function 
coincides /j^^/ with the potential of the Frobenius manifold 



log'7"l/c,o 



fa,0=t,a_ JQ,P = 0, p>0 
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3^(^)- 



(3.6.93) 



The formula 

F{v) = ^^^l,l;l,l(^0 - t^"f^a,o;i,i + Iv'^v'^^aflM^) (3-6.94) 

was used in the derivation of (\3.6. ysj . This formula, together with 6'. 52j gives an 
expression of F{v) via gradients of the functions O^^piv), < p < 3. 

Note that the quasihomogeneity axiom was not used in the proofs of these state- 
ments. So, the above relations remain valid also for degenerate Frobenius manifolds. 



Remark 3.6.19 The Principal Hierarchy appears also in the so-called symplectic field 
theory of Ya. Eliashberg, A. Givental and H. Hofer ffP^ at the genus zero approxima- 
tion. For example, the long wave limit of the Toda lattice essentially appears in their 
calculation of the genus zero Gromov - Witten invariants of the projective plane. We 
are going to consider the new problems of the theory of integrable systems inspired by 



in a subsequent publication. 



3.6.5 Complete integrability of the Principal Hierarchy corresponding to 
a semisimple Frobenius manifold 

We are now to prove completeness of the system 



of conservation laws of the hierarchy ( p.6.47| ). 
Let us assume that 

/= / h{v-v^,...,v^'^^)dx 



is a conservation law of the hierarchy, 

{/,^Q,p}i = 0, a = l,...,n, p = 0,1,2, 



Lemma 3.6.20 I is a conservation law of the hierarchy 6.4 V iff 

d 61 



0, a = 1, . . . , n, /c > 0. 



Proof Denote 



W = 7]- 
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Then / gives a conservation law for the dispersionless hierarchy iff 

Orr. — ^1=0, a,/3 = l,...,n 



(3.6.95) 
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identically in z. Using 
we obtain, after division by z 



d'^9/3{v;z) _ MjJ^ 



I. — 9 V 



2™ 'dW^ „ dQ 

'- V 

k=2 

2m 



k=l ^ 



Multiplying by the inverse matrix of (^—^^^-^^ we arrive at a polynomial of degree 2m 
in z with the coefficient of z'^^ given by 



Qya,2m 7"" ''"iPl <^2P2 ' ' ' a"2m-lP2m-l a"2mP2m a:' X 



,2m+l 



where are the canonical coodinates. The vanishing of the above expression yields 



Qya,2m 

In a similar way, we prove inductively that 



0, A; = l,...2m- 1. 



Therefore does not depend on the ^-derivatives of f □ 



Theorem 3.6.21 Let I = J h{v; Vx, ■ ■ ■ , v^"^^)dx be a conservation law of the hierarchy 
l \3.6.4V polynomial in v^. Then 



h{v- fx, ... , w^""^) = c°'P^„,p(t;) + total derivative (3.6.96) 
where only finite number of the constant coefficients c"'^ is not equal to zero. 

Proof This follows from the above lemma and from the lemma p.6.7|. □ 
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3.7 Quasitrivial bihamiltonian structures 



After having settled the problem of normal forms of the leading term of the expansion 
of the Poisson pencil ( |3.1.15|) - (|3.1.16|) we now address the problem of construction and 
classification of the higher order terms. Recall that we want to classify the Poisson pen- 
cils up to the action of the Miura-type transformations independent of the parameter 
A of the pencil. More precisely, 

Definition. Two Poisson pencils 



\k] 



k=0 



and 



{v\x),v^{y)}, = J2^' \{v\x),v^iy)}f^ - \{v\x) , (y)}^! 



[k] 



(3.7.1) 



(3.7.2) 



fc=0 



are called equivalent if there exists a Miura-type transformation 



(fc)^ 



1 n 



k=0 



transforming ( |3.7.1| ) to ( |3.7.2| ) for every A. The Poisson pencil ( p.7.1| ) is called trivial 
if it is equivalent to ( p. 7.2 ) with { , }f^\ = for > 0. 

As in Section p.4| above, the infinitesimal description of the space of classes of 
equivalence of Poisson pencils with a given leading term can be done in terms of 
certain cohomology. More precisely, the two Poisson brackets { , }f\ induce two 
anticommuting differentials di and 82 on multivectors. 



1,2, 



dl = di = 8182 + 8281 = 0. 
As we already know both the differentials have trivial cohomology. 



Lemma 3.7.1 Let us denote 

H\C{M)-8,,82] 
H\C{M)- 81,82) 
H\C{M)- 8^,82) 



Ker 9i(92|a'=-i/ (Im^i + \m.82] 

Ker 8i82\ho 

Ker 81 1 AO n Ker ^2 1 ao . 



A; > 1, 



(3.7.3) 



The zero cohomology coincides with the algebra of common Casimirs for the two Poisson 
brackets. The first cohomology coincides with the space of bihamiltonian vector fields for 
the Poisson pencil ^3.2.3^ ). The second cohomology coincides with classes of equivalence 
of the infinitesimal deformations of the Poisson pencil modulo infinitesimal Miura-type 
transformations. 
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Proof The interpretation of the zero cohomology is straightforward by the definition. 
For a local functional h, h = h{u; Ux, •••;£) & A the condition did2h = means that 
G Keidi- Due to the triviality of the first cohomology of di the last condition 
implies existence of a local functional / such that 

d2h = dj. 

That is, the vector field is a bihamiltonian one. Obviously, the converse statement 
is also true. 

Let us now look at the infinitesimal deformations of the Poisson pencil. Without 
loss of generality we may assume that the perturbation of { , is trivial, due to 
triviality of the second cohomology of di. The infinitesimal deformation of { , }^2^ 
must be annihilated by 82 and also by di, due to the compatibility condition of the 
Poisson brackets. So the deformation of the Poisson pencil must be of the form 

{ , }f' ^ { , }? + 0{e'), { , { , +ed,X + 0{e'), d2d,X = 0. (3.7.4) 

This transformation is trivial if it can be generated by another vector field Y. This 
means that 

diY = 0, d2Y = diX. 

The first of the two equations implies Y = —did for some local functional d. The 
second one proves existence of another local functional b such that X = d2d + dib. □ 



Similar arguments prove the following simple statement. 



Theorem 3.7.2 The classes of equivalence of bihamiltonian structures on the loop 
space with the given { , }f\ are in one-to-one correspondence with classes of equivalence 
of vector fields 

X, X|,=o = 

satisfying 

di(^-d2X + ^[X,diX]^ =0 (3.7.5) 

modulo shifts along the { , -hamiltonian vector fields 

X exp[ada,/,]X 

with e dependent Hamiltonian h. 



We leave the proof of this statement to the reader. 

We will call the groups ( p.7.3|) the bihamiltonian cohomology of the pencil ( p.2.2|) . 
The calculation of the bihamiltonian cohomology seem to be a nontrivial problem. 
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Another problem to be fixed is the one of obstructions to extension of a given infinites- 
imal deformation ( p.7.4|) to a global one. It is easy to see from ( |3.7.5| ) that the first 
obstruction is the class of equivalence of the cocycle 

[X,diX](^H\C{M)- 81,82). (3.7.6) 

The analysis of this and higher obstructions seems to be an interesting problem of 
infinite dimensional Poisson geometry. 

Example 3.7.3 Forn = 1 all deformations upto the fourth order of the Poisson pencil 
{u{x),u{y)}x = {u- X)5\x - y) + ]^uj{x - y) (3.7.7) 

have been classified by P.Lorenzoni j\l 0^] . They are parametrized by one arbitrary 
function f = f{u) of one variable as follows 

^ 1 

{u{x),u{y)]x = {u- \)6\x -y) + -uj{x - y) 

+6^ [-2/r (x -y)- 38J6"{x ~ y) - 8lf5\x - y)] 

[Agd'^ix -y) + m.,g5''' {x - y) + (20 8lg - 8 hu^,)5"\x - y) 
+(209,(7 - I28^{hu^,))5"{x ~y) + {Q8tg - 4 9^(/im,,))(5'(x - y)] 
+C(e^). (3.7.8) 

In the r.h.s. of this fomula 

u = u{x), u^ = u^{x), u^^ = u^^{x), g = ff\ h = ff" + f'^, f = f(u{x)). 

In particular, the obstruction l \3. 7. 6| j is trivial for an arbitrary infinitesimal deformation 
of the order e^. All the above Poisson pencils are inequivalent for different f{u). In 
particular, for f{u) = c one obtains the KdV Poisson pencil. 

{u{x),u{y)}x = [u{x) - A] 6'{x - y) + ]^u'5{x - y) + ce^6"'{x - y). 

We will now impose the main restriction onto the class of Poisson pencils that will 
allow us to get rid of the above unpleasant cohomological problems. Let us extend the 
class of Miura-type transformations. 

Definition. The transformations of the form 

00 

u' ^v' = u' + J2^''^kiu;u^,...,u^'"'^), i = l,...,n (3.7.9) 

k=l 

where the coefficients are quasihomogeneous of the degree k rational functions in the 
derivatives Ux, . . . , m'^"''^ will be called quasi-Miura transformations. The Poisson pencil 
( p.l.l5|) - (|3.1.17| ) is called quasitrivial if there exists a quasi-Miura transformation 
reducing the pencil to its leading term (|3.2.2D . 

We emphasize that the coefficients of the Poisson pencil are still to be polynomials 
in the derivatives. All the denominators must disappear after the transformation. 
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Remark 3.7.4 As it was proved in \1 03J , the deformation (\3. 1. is quasitrivial up to 



the order 4- This suggests that all Poisson pencils of the form (\3.1.1 (\ ) corresponding 
to a semisimple Frobenius structure in { , could be quasitrivial. To our opinion, 
the problem of quasitriviality deserves further investigation. 

In the next section we will show quasitriviality of the KdV hierarchy. Even in this 
simplest example the quasitriviality is something unobserved before. 



3.8 Quasitriviality of KdV and genus expansion in topological 
gravity 

To construct a transformation that maps any solution v of the Riemann hierarchy 
( p. 6. 54 ) to a solution u of the KdV hierarchy we will proceed following Every 



solution V of the Riemann hierarchy can be represented in the standard implicit form 
(PH, i.e., 



x + to + tiV + t2— + t3— + ... = 0. (3.8.1) 

2 D 



Here 



tp tp Cp 



where the constants Cp correspond to the choice of the solution (in this section we will 
systematically suppress the explicit dependence of the coefficients Cp on e) . Represent- 
ing the equation ( 3.8. 1| ) in the variational form ( |3.6.84| ) we obtain 



*;t» = 0, K^,^,{v) = {x + to)v + t,- + .... (3.8.2) 

Let hp = J hp{u; Ux, ■ ■ ■)dx be the Hamiltonians of the KdV hierarchy normalized as in 
(iH), i.e. 



U' 



p+2 



hp = — - + (terms with derivatives), p > —I. 

[p + 2). 

Let us construct a functional depending on the same parameters 



4,t,c[M] = / + to)u + ^ tphp_i{u; Ux,...)\. (3.8.3) 

V P>0 J 

At the moment we do not care about the precise meaning of the integral. We will be 
interested only in the Euler - Lagrange equation 



5 



4,t,cN = ^(-'^)''9x-Q^ l{x + io)u + ^iphp_i{u;Ux,...)] 

k \ p>0 / 



6u{x 

' 6u{x 



p>0 
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The first few terms of the Euler - Lagrange equation (|3.8.4|) read 

" ^2 6 / V 6 12^ ' 60 ' 



Truncating = for p > N (and assuming that only finite number of the constants 
Cp is distinct from zero) we obtain an ODE for the function u = u{x) depending on the 
times to; • • • ? tN-i and on the constants c = (cq, Ci, . . .) as on the parameters. 



Lemma 3.8.1 (cf. ^12(\] ) The space of solutions to the Euler - Lagrange equat 



ion 



^3.8.4^ ) is invariant w.r.t. the flows of the KdV hierarchy. 



Proof Let uq{x) be a solution to the differential equation ( p.8.4|) with tp = tf, p = 0, 1 



. . . . We are to prove that the solution to the Cauchy problem for the KdV hierarchy 
with the initial data 

u{x,t)\t^-to^ p=0,l,... = Uq{x) 
will satisfy the same ODE ( PTg^ . □ 

Let V = v{x,t,c) be the solution to the Riemann hierarchy determined by (|3.8.2|) 
such that f'(0,O,c) 7^ 0. (The solution depends on the choice of a simple root Vq of 

p 

the polynomial ^Cp^ = 0. It will be understood that such a choice has already been 
done.) 



Lemma 3.8.2 There exists a unique solution to ( \3.8.yl\ ) in the form of power series in 

u = v + e^M™ + e^wt^l + . . . . (3.8.5) 



Proof We plug ( p.8.5|) into the equation (|3.8.4| )) and compute recursively the terms of 



the expansion. For example, for the first correction we obtain 

I 2 v" {t2 + hv + t4 Y + •••)+ ^^'^ (^3 + Uv + . . .) 



24 ti + t2V + t^^i + ... 

□ 



Corollary 3.8.3 The solution \3.8.^ to (^■8.4[ ) satisfies equations of the KdV hier- 
archy. 

Thus we obtain a map 

the stationary point (3.8.2) 1-^ the stationary function ( p.8.5| ) of ( |3.8.4| ) (3.8.6) 

transforming solutions of the Riemann hierarchy to the solutions to the KdV hierarchy. 
We will now show that this is a quasitriviality transformation. 

First we will prove 
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Lemma 3.8.4 There exist universal (i.e., independent on the choice of the solution v 
to the Riemann hierarchy) polynomials P^'^''^(v' ,v" , . . . v'^^'^^) quasihomogeneous of the 
degree 6k — 2 such that the transformation 8. (\ ) is given by 

v^u = v + ^e2'=(t;')'-''p[''l(^'',^", ■ ■ ■ (3.8.7) 

k>\ 



Proof It is technically convenient to return to the original normalization of Example 
3.1.11 for the KdV hierarchy 

du 5Ik 

o. 



dtk 5u{x) 

where the generating function of the densities of the KdV integrals is to be determined 
from the Riccati equation 

/ 2 \ 

«ex - X = M - A, 

oo 
m=l 

We can rewrite the Euler - Lagrange equation (|3.8.4 ) in the following form. Introduce 
the series 

oo 

Let us also introduce the linear operator Res acting on the series in inverse powers of 
k = -\/A by 

Res f := resk=oo't{\)f dk. 
Then the Euler - Lagrange equation reads 

Res i \ = 0. (3.8.8) 

ou{x) 

In a similar way, the variational equation ( p.8.2|) can be written as 

Res ^ = 0. 

V A — f 

We will now expand the variational derivatives in powers of e^. Using the formula 

6 Jxdx 1 
Su{x) 2xr 

where xr is the real part of X = Xfi + ^Xi^ -^^ ~ ^xf ' rewrite ( |3.8.8| ) as 

Res — = 0. (3.8.9) 

Xr 
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Using differential equation for / := 



X — u 



X — u 



(a consequence of Riccati) we can expand 1/xr in tlie series of the form 



1 , ^ 2 ( /2 o 2 // 

— = cr H — e [aa —2a a 

Xr 8 



+ {Saa'^'-U a'^ a" + 12 a"^ + 16 a' a' a'" + 8 aV^^ ) + Oie^ 



1 

128^ 



where 



a 



\/X — u 

Let us now compute the first correction in the expansion (|3.8.5D . Within the order 
the equation (|3.8.9|) reads 



Res 



I 1 2 / /2 o 2 //A 

cr+-e ^cra — 2aaj 



(3.8.10) 



Denote 



1 



(To := 



We must expand the above equation and retain the hnear in terms. Substituting 



in cr we obtain 



u = v + e^'^l + . . . 



a = ao + ^m'^'c^o + • • • 



In the second term in ( |3.8.10| ) we may replace a — (Tq. Next, we are to observe the 
following simple rules for differentiating (Tq: 



So, the equation ( |3.8.1CI| ) can be rewritten as 

1 



Res 



-n' --V + —V (To 



32 



It remains to calculate the residues of the form 



Resal'^' 



{2k-l)\\ 



Qk 
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where the rational functions Qk in the derivatives are defined recursively 

Qk+i = —,Qk-. Qi = — 7- 

V V 

To prove the last formula it suffices to observe that 



and to compute 



Res—^ =tk + tk+iv + 

rfVo _ (2fc- 1)!! 
Finally we obtain the needed formula in the form 



Qk 



2k 



6 ^ 12 



- — i\ogv')". 



It is clear how to proceed with higher corrections. We want to emphasize that the 
expressions 



u 



[k\ 



V 



lik-2 



k> 1 



do not depend on v explicitly. 



□ 



Corollary 3.8.5 The correspondence ( \3. 8. (\ ) 

solutions to ( I3X2D 1 ^ / solution to (|3X^) 

v{x, t, e) = Vq{x, t) + evi{x,t) + . . . j \ u{x, t, e) = Uo{x, t) + eui{x, t) + 

is a quasi-Miura transformation 



= v-—{\ogv) +e 



jv 



7v"v" 



288v 



/2 



A80v 



/3 



90v 



/4 



+ 0{e^). (3.8.11) 



We are now to prove that the quasi-Miura transformation is one-to-one. Loosely 
speaking we want to prove that an arbitrary monotone function u{x, e) satisfies an 
ODE (p. 8. 4]) possibly of infinite order with t = and appropriate coefficients Cp that 
may depend on e. More precisely, 



Lemma 3.8.6 Let u = u{x, e) G C[[x, e]] be an arbitrary power series satisfying 
■u^(0,0) 7^ 0. Then there exist unique power series 



P 



0,1,2, 



such that the following identity in the ring C[[x, e]] holds true 
X = co(e) + ^ Cp{e)hp.2{u; u^, . 

p>0 



(3.8.12) 
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Proof The leading coefficients c^^ must satisfy 



X 



where uo{x) = u{x,0). Therefore they are equal to the derivatives of the inverse 
function 

, p = 0,l,2,.... 

"0=0 



.(0) 



P dul 



Proceeding by induction we obtain 



where fk{x) is a polynomial in 



and in 



Uj {X ) 



c«, i = 0,...,k-l 



d^u{x, e) 



, j = 0,...,k 



6=0 



and their derivatives in x. Therefore 

(k) _ dPfkjx) 



duQ 



, p = 0,l,2,.... 



uo=0 



□ 



Corollary 3.8.7 The transformation ( ^.8.(^ establishes a one-to-one correspondence 
between solutions v{x,t,e) to the Riemann hierarchy satisfying f^(0,0,0) 7^ and 
solutions u{x, t, e) to the KdV hierarchy satisfying Ma;(0, 0, 0) 7^ 0. 

Proof Let Cp(e) be the coefficients determined according to Lemma p.8.6| by 0, e). 



According to Lemma |3.8.1| the solution u(a;, t, e) to the KdV hierarchy satisfies 

X + to - Co(e) + Y^{tp - Cp(e))^^ = 



p>0 



identically in t. Let v = f(x,t,c(e)) be the solution ( p.8.2| ) to the Riemann hierarchy 
determined by these coefficients. By the construction the quasi-Miura transformation 
maps V to u{x, t, e). □ 



We will now prove 
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Lemma 3.8.8 The quasi-Miura ^3. 8. Tj ) v y-^ u = F{v; Vx-, ■■ ■'■,€) transforms the vector 
fields of the Riemann hierarchy to those of the KdV hierarchy. 



Proof Let 



be the result of application of the quasi-Miura transform to the flows of the Riemann 
hierarchy. Here K^^"'\u\Ux, ■ ■ ■ ^u^^"^^) are some polynomials in the derivatives. The 
precise values of the positive numbers pm and qm (that also depend on j) is not impor- 
tant. Denote 

m=0 



the r.h.s. of the j-th equation of the KdV hierarchy. According to the Lemma ^.8.6 
the identity 

m=0 m 

holds true for an arbitrary monotone solution u{x,t,e) to the KdV hierarchy. From 
this it easily follows that 

□ 

Denote 

hiv; Vx,...;e) = hiu;eux, . . . , e'''+\^^''+^^), = -1, 0, 1, . . . , 

the functions in the derivatives obtained from the Hamiltonian densities of KdV by the 
inverse to the quasi-Miura transformation ( p.8.7| ). 



Lemma 3.8.9 

v'+^ , . . . 

+ total derivative. 



(A; + 2)! 

Proof Applying the inverse to the quasi-Miura transformation to the infinitesimal form 
of the conservation law 

dhk{u,eux, ■ ■ ■) _ dQk+i,j{u,eUx, . . .) 
dtj dx 
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(here Qk+i,j{u, . . .) is the density of the flux of the conserved quantity along the j-th 
time defined in ( |3.3.13| )) we obtain, according to Lemma p. 8. 4 



dhk{v,Vx, ■■■]€) _ dQk+ij{v,Vx, •••;£) 
dtj dx 

In the last equation the time derivative is taken w.r.t. the Riemann hierarchy; the 
functions Clk+ij{v, v^, ■ ■ .;e) are obtained from Qk+i,j{u, eu^, . . .) by the same inverse 
quasi-Miura. Therefore hk{v,Vx, ■ ■ ■ ', e) is the density of a conservation law for the 
Riemann hierarchy. Due to the completeness theorem p.6.21| it must coincide with the 



standard density v^^"^ /{k + 2)! up to a total derivative in x. □ 
We are now ready to prove the main result of this section. 

Theorem 3.8.10 The (inverse to) the quasi-Miura transformation 8. ?| j transforms 
the Magri Poisson pencil (\3.1.1dJ , (\3.1.1dJ to the Poisson pencil (\3. 1. Tj ) for the Rie- 



mann hierarchy. 

Proof Applying the inverse quasi-Miura to the first Poisson bracket of the KdV we 
obtain a Poisson bracket 

Mx), v{y)}\ = ^ e'^-A^mAv, Vx, ■ ■ ■ , )S^''^-'^'\x - y). 



From Lemma p.8.9| it follows that 



5v{x) {k + l)\ 
From Lemma K.8.81 it follows that 



, A; = 0,1, 



{k + l)\ Ak + l)\ 

for all non- negative k. Multiplying the last equation by 2;^"^^, where z is an indetermi- 
nate, and summing in k we obtain 

for all z and for an arbitrary function v{x, e). From this it easily follows that { , }i = 
{, }i- 

Applying the inverse quasi-Miura to the second Poisson bracket for KdV we obtain 
a Poisson bracket 

{v{x),v{y)}, = Y ^^"^B^mM Vx,..., )5^^'^-'^^\x - y). 
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that must satisfy the recursion relation (p.6.73|) for the Riemann hierarchy 

1, 



Muhiplying by z^^^ and summing in k we obtain the identity 



Vcr.e 



vahd for any z and for an arbitrary function v = v{x, e). This proves that { , }2 = { , }2- 
The Theorem is proved. □ 

Our approach can easily be extended to prove quasitriviality of the Gelfand - Dickey 
hierarchy (also called nKdV). We will study in a separate publication the problem of 
quasitriviality of other hierarchies of integrable 1+1 PDEs, in particular of the Drinfeld 
- Sokolov hierarchies of D and E type and of Toda lattice. 



We will now prove that, in addition to Lemma 3.8.4, the following statement 



Lemma 3.8.11 There exists a function 



Af = Af{v', v", = J2 e^'^-^ A/W K, . . . 



V 



(3fc-2)^ 



(3.8.13) 



k=l 



where 



A/W(^') 



12 



log v' 



and Af^\v', 



(3fc-2)^ „ 



is a quasi-homogeneous function in the derivatives of the de- 



gree 2k — 2 such that the correspondence ( \3.8.11\ ) is represented as 

v^u = v + e^dlAf{v\v",...,;e^). 



(3.8.14) 



Proof (cf. the proof of Theorem |3.9.1| below). We already know from Lemma p. 8. 9 
that 

j——^ + ed^gp^i{v,v',...;e) 
for some functions gk{v, v', . . .]e). Using the tau-symmetry 



hp_i{u; u', 



dt. 



dtp 



dt,{p+l)\ dtp{q + l)\ 
of the KdV hierarchy and of the Riemann hierarchy we obtain 



d_ 

dx 



'dgp-i dg, 



q-l 



dt„ 



dtr 



0. 
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This implies existence of a function 

oo 



fc=i 

such that 



, , ^ dAf ^ dAf f vP+^ ^ 



dtp ^ dv(i) \{p+iy. 

In particular, the quasi-Miura transformation itself reads 

u = v + ed^go = v + e^d^Af 

where we may assume, due to quasihomogeneity of the terms m'^^^ in the derivatives 
that 

Af = Afiv',v",...;e') 
does not depend explicitly on v. Lemma is proved. □ 



Example 3.8.12 The topological solution to the Riemann hierarchy is determined by 
the equation 

2 3 

V = to + tiv + t2^ + t3^ + ... (3.8.15) 

/ 

(we omit x identifying x with to). The tau-function of this solution 

ftl tlti tl tl tl tl tl tf t2 tl ti t2 

^^^'^"-^U "^^^^ 

I ^1 '^2 I ^0 '^2 I '^0 '^3 , ^0 ^1 '^3 , ^0 ^4 



~40 120 30 720 



(3.8.16) 



Applying the quasi-Miura transformation ( \3. 8. 1 ^ ) we obtain, after changing the nor- 
malization 

2 

e H-i> 

2 

a solution to the KdV hierarchy with the tau-function We will show below in 

Section ^.10.4\ this series coincides with the Witten - Kontsevich generating function 
of the Mumford - Morita - Miller intersection numbers on the moduli spaces M.g,n of 
all genera 

oo 

T=^t^^~^J'g (3.8.17) 

9=0 

where 

oo ^ 

^9 = Y1 ~1^P1 . . . tp„ < 0pi . . . 0p„ >g (3.8.18) 



n=l 
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< . . . >g= /"_ ^^'{C^)^...^^{\Cn) (3.8.19) 

where Li is the tautological line bundle over the moduli space M.g,n of stable algebraic 
curves C of genus g with n punctures xi, . . . , Xn, i-e., the fiber of Ci coincides with 
the cotangent line T*^C. 



The idea to express the terms J^i, T^-, • • • , of the genus expansion ( p.8.17[ ) as 



functions of f', f", . . .where v = v{t) is the solution (|3.8.15| ) is due to Dijkgraaf and 



Witten 1^ . This idea proved to be fruitful also in other models of 2D topological field 



theory p|, |T5^, ITTOl, iTSj. 



Example 3.8.13 Applying ( 3.8.11 ) to the monotone at x = function v = v{x 

y-m+l 

m\{m + 1)! 



.^V^J.(2V^) = ^(-ir (3.8.20) 



m=0 

one obtains 

9=0 n 

where Vol{Aig^n) is the Weil - Petersson volume of the moduli space of punctured 
algebraic curves. This is a reformulation of the result of P. Zograf IjlS^ j (see also 

3.9 Properties of quasitrivial Poisson pencils 

Let 



[k] 

X 

k>0 



K(x),«^(l/)}, = 5^e'=K(x),«^(l/)} 



be a quasitrivial Poisson pencil written in the normal coordinates with the leading term 

{u^ix),u^iy)}f^ = {g'^^iuix))-Xr]^^) 6'ix - y) + Tf{u)ul6ix - y) 

determined by a n-dimensional rigid semisimple Frobenius manifold M (see the formula 
(gXH) above). Let 



+ 5^e'=i^'=l(t;;t;.,...,t;("'=+2)) (3.9.1) 

fc>0 

be the quasitriviality transformation for the pencil: 

J2 e'{u'^ix),u^{y)}f^ = (g'^^ivix)) - A r/"^) 5'(x ~ y) + Tf{v) 5{x - y). 



k>0 

Here we lower the indices as usual by means of the constant matrix rjajs, 
Fa\v; Vx, . . . , f *^"'=)) are some functions rational in the derivatives. 

Our first result is 
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Theorem 3.9.1 Let the quasi-Miura transformation l \3. 9. 1\) depend polynomially on 
v^. Then there exists a function 

:F{v- v^,...,-t) = Y, e'^'^k^; ^x, . . . , v^'"'^) (3.9.2) 

fe>0 

such that the quasitriviality has the form 

Ua = Va + d^dtc.oT{v; v^,...,;e). (3.9.3) 

Moreover, the tau-structure for the pencil { , }a written in the coordinates v has the 
form, up to an equivalence 5.2'^) , ^3. 5. 28^} , 

ha,p{v] Vx, ...;€) = 9a,p{v) + dxdt<^.pT{v] Vr,,.. .,;e). (3.9.4) 

We recall (see Section |3.6.2| above) that polynomiality in means that every co- 
efficient {v;Vx, ■ ■ ■ ,f^"'='') is a polynomial in of the degree that may depend on 
k. 

Proof By the definition of the normal coordinates Ua is a Casimir of { , }i. Since 
{ , }i is obtained from { , }f' by the change of coordinates (|3.9.1| ), and Va is a 



Casimir of { , }i , it follows that Va is also a Casimir of { , }i. Hence the difference 
Ua — Va = 0(e) is a conserved quantity for the Principal Hierarchy. Due to Lemma 



3.6.201 Ua — Va must be a total derivative (polynomiality in the derivatives assumption 
can be eliminated by considering arbitrary functions in the derivatives). Hence the 
quasitriviality transformation must have the form 

Ua = Va + dxfa,o{v; f^, . . . ; e) 

for some function fa,o{v; Vx, ■ ■ ■ ]e). 

Let ha,p be the densities of the commuting Hamiltonians corresponding to a choice 
of a tau-structure for the Poisson pencil { , }a satisfying a recursion relation 

p 

{ ■ ,Vp}2 = • , Will 

g=0 

with some constant coefficients A^p. We have ha,o = Ua since Ua are the normal 
coordinates for the chosen tau-structure. Rewriting the densities in the f-coordinates 

K,p = ha,p{v; Vx,...;e) = ^ e'^^JU^; ^x, ■ ■ •) 

fc>0 

we obtain the same recursion relation 

{ . , / ha,p{v; Vx,...]e) dx}f = ^ v4j^{ . , / h,3^^+i{v; w^, . . . ; e) dx}f' 
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with the initial data 

/ft„,„(„;„„...;<)i. = /„„d.. 

Therefore the Hamiltonians J ha^p{v; f^;, . . . ; e) dx are hnear combinations of the stan- 
dard Hamiltonians / 9i3fi{v)dx, f 6pp{v)dx of the hierarchy ( p.6.47| ). It follows 
that the leading terms /ia,p(f)'°^ give a tau-structure of the standard hierarchy. It 
must be related to the standard tau-structure by a transformation of the form ( |3.5.27| ), 
( p.5.28|) . Modifying the Hamiltonians ha^p by the inverse transformation we obtain an 
equivalent tau-structure for the Poisson pencil { , }a satisfying 

where 

k>0 

for some functions fa}p{v; v^, . . .). By the definition of the tau-structure we have 



In particular, 

dtf^'i ~ dx ■ ^^-^-^^ 

So fi,o{v; Vx, ■■■',€.) is an integral of the hierarchy ( p.6.47| ). Due to the polynomiality 
assumption it must be a total derivative of some function that we denote 

fifliv; Vx,...;e)= 9^JF(f ; f^, . . . ; e). 

From (|3X5D we get 

This proves the theorem. □ 

We will next obtain upper estimates for the order of the highest derivative in J^^^\ 
and we will also describe the explicit form of the first three terms of this expansion. 

Let us first consider the infinitesimal deformation of the Poisson pencil 
caused by a quasi-Miura transformation 

v^^w^ = v^ + e + 0{t). (3.9.6) 

We have changed the notations for the dependent functions of the hierarchy since 
the variables = i = l,...,n, will be reserved for denoting the canonical 

coordinates on the Frobenius manifold. As in the Section we denote f ""'^ and w°''^ 
the jet coordinates, 

V ' = - — , w ' - 



dx^ ' dx" ' 



Ct.O Q. Q.O O Q.l ex. Q.l 
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Lemma 3.9.2 The deformed Poisson pencil has the form 

{w"{x),w^{y)}, = r^6'{x-y) 

+6 {VV^^iw, w,, . . .) -y) + w,, . . .) - y) + . . .) 

+0(e2), (3.9.7) 
{w''{x),w^{y)}2 = ^"'^(w(x)) 6'{x -y) + Tf{w{x)) w2 S{x - y) 

+e w^, . . .) 5(^')(a; - y) + Q"^(u7, w,, . . .) - y) + . . .) 

+C(e2), (3.9.8) 

where the integer Ki is equal to I + 3 when I = 2m and it is equal to I + 2 when 
l = 2m-l. 

The proof can be obtained by a simple straightforward computation. 
Lemma 3.9.3 Let I = 2m, then in the deformed Poisson bracket (^. 9. 8(j the term 



S"^{w, Wx, ■ ■ .) 6^^^^\x—y) does not appear iS T does not depend on v°'''^"^, a = 1, 



, n. 



Proof From the form of the quasi-Miura transformation we see that the functions 
S°'^{v, Vx, ■ ■ ■) are given by the formulae 

So outside the discriminant det((y'°^) = of the Frobenius manifold the above expres- 
sion vanishes iff = 0. The lemma is proved. □ 



Lemma 3.9.4 Let I be an odd positive integer, / = 2m — 1. Denote ha = Q^S,2m^i , 
then 

+2ma4r7"^cf)/i5. (3.9.9) 

b - 2mg c^dxh^ + g ^^^^^+g Q^^^^+^9 S 5^5,2^-2 

+ (2ma,((/"^cf ) +9^(/"^c3«<) /ig, (3.9.10) 

and 

cl, (5"^ - W-^^) = (2m + 1) c'ap cf < 1 < A < n, (3.9.11) 

where = E'^ c"^ zs i/ie matrix of the operator of multiplication by the Euler vector 
field. In particular, the left hand sides of the last equalities vanish iff JF does not depend 
on a = 1, . . . , n. 



123 



Here we use notations 



d 



d 



for the linear combinations of the flows of the hierarchy ( p.6.47|) . 

Proof The identities ( ^.9.91 ) and ( |3.9.10| ) are deduced from their definitions. The equal- 
ities in ( p.9.11|) follow directly from (|3.9.9| ) and ( p.9.10|) . To prove the last statement 
of the lemma, let us rewrite the right hand side of the identity ( p.9.11| ) in the canonical 
coordinates = u\v^, . . . , m"), 1 < i < n (see Section p.l0.5| for the definition of the 
canonical coordinates and of the functions ipi^a to be used below). It becomes equal to 



{2m + 1)7]^" ^p. 



^3 ^yi,2m- 



Since det(r7^^'?/'j,^) ^ 0, we deduce that the left hand sides of the above equalities vanish 
iff does not depend on 1 < i < n (equivalently, does not depend on 



,a,2r7i— 1 



1 < a < n). Lemma is proved. 



□ 



Theorem 3.9.5 Let 

+ Y.e^{w%x),w^{y)}f (3.9.12) 

i>l 

{w"(x), «;^(y)}2 = (?°^(«;(x)) 5\x -y) + Tf{w{x)) wl 5{x - y) 

+ ^eH^"(x),^^(l/)}? (3.9.13) 

i>l 

he a quasitrivial Poisson pencil. Here {w°'{x),w^{y)}'f\ {w°'{x),w^{y)}2^ have the form 
{w'^ix),w^iy)}^? = J2 H^fiw; w., w^^, . . . , t.«) 5^'^'''\x - y), 

1=0 
i+l 

{w'^ix), w^{y)Y^ = J2 ^"f • • • . ^^'^) S^'-^'-'Hx - y), (3.9.14) 

1=0 

and H'^^^K'^i are quasihomogeneous polynomials in the derivatives of the degree I. 
Then the quasi-triviality transformation 

Va^w^ = v^ + }_^e ^-^^ , (3.9.15) 

fc>i 

must have the property 

m2g, m2g+i <3g -2. (3.9.16) 
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Moreover, modulo additive constants, we 

= 0, 



^[2] = 5^ a. log«.) + /(^ 

i=l 
n 



i=l 



where ai are constants, /(f) and fi{v) are some functions, and u^{v), . 
the canonical coordinates on M. 



(3.9.17) 
(3.9.18) 

(3.9.19) 

, u"'{v) are 



Proof From Lemma p.9.3| and Lemma p.9.4| we see that J^t^l must be a constant, and 
JF^], JFI^I only depend on f \ . . . , f f^, . . . , f We are to prove that J^i'^a] ^ jr[2g-\ 
depend at most on v^, 



yU yl,l 



'xi • • • 

yn,\ 



,1,39-2 



n,3g— 2 



for g > 2. This can 

be done by induction. Assume that the statement is true for g < N — 1, we need to 
prove the vahdity of the above property for g = N. Express the left and right hand sides 
of (|3.9.12| ) and ( p. 9. 131) in the f-coordinates by using the quasi-Miura transformation 
( p.9.15| ) and compare the e^^ terms of both sides. We denote, as in Lemma p.9.2| , by 
W"'^ and S"'^ the coefficients of the highest order derivatives of the delta function in 
the e^^ term that are contributed by J^^^\ J^^PA^-i] ^j^g jgf^ j^^nd sides of ( PXT^ ) 
and ( |3.9.13| ) respectively. When N is even this is the coefficients of {x — y) and 

when is odd this is the coefficient of 5^'^^\x — y). While on the right hand side of 
( p.9.12| ) and ( p. 9. 13] ) the highest order derivatives of the delta function in the e^^ term 
is 5^'^^^^\x — y) due to the form of { , }2^^'. So, in order that the equality (|3.9.13| ) holds 
true, the JF'^^I term in the quasi-Miura transformation ( |3.9.15|) must be responsible for 
the killing of the S°'^ ^(3^+1) — y) term when N is even and the 5*"^ ^(3^) i^x — y) term 
when is odd in the left hand sides of ( p.9.12|) and (|3.9.13| ). We first consider the case 
when A^ is odd. In this case, by using Lemma p.9.3| and Lemma p.9.4| we immediately 



1,1 



,n,l 



,l,3Af-2 



,n,3Af-2 



deduce that jF^s'l depends at most on f . . . , f f 
Now let us consider the case when A^ is even. From Lemma 13.9.31 we see that JF'^^I 



depends at most on f",t> 
it does not depend on ti^'^^ 
to obtain 



^o,3Ar-l 
,,n,3Af- 



a = 1, . . . ,n. We are to prove that actually 
^. To prove this let us compute W"'^ and S*""^ 



flTi'^k] p,'Tr[2N~2k] 



k=l 



r ' r o 

gy'y,3k-2 gyU,3{N-k)-2 <^ P ^ 



Qjr[2k] Qjr[2N-2k] 



fc=l 



and 



So from Lemma p.9.4| we see that JF^^^I indeed does not depend on -y^'^^"^. 



In a similar way, we can prove that jF^^^+^l depends at most on 



, V : V 



1,1 



jn,3N-l 
„,n,l. 
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,l,3M-2 



,n,3M-2 



. We have thus finished the procedure of induction and proved 

We next prove that JF'^l must have the form ( p.9.18| ). Our assumption on { , 
{ , imphes that i/^Q and i^^^Q are functions of Rewrite both sides 

of (|3.9.12| ) and ( P.9.13D in the f-coordinates by using the quasi-Miura transformation 
( p.9.15| ) and compare the coefficients of e^6"'{x — y), we obtain by using ( |3.9.11| ) the 
following identities: 



cT, ' c:.'' vl 



1 < A < n. 



(3.9.20) 



In the canonical coordinates the left hand sides of the above identities have the expres- 
sions 

Ujr. 



""^ Ir " 



So from (13.9.201) we see that there exist functions ai{u) , . . . , an{u) of u^, . . . , such 
that 



u 



" dul 



which yields 



^[21= J]a,(n) log«) + /(«) 



(3.9.21) 



(3.9.22) 



i=l 



for certain function / of 'U^,...,m". Now let's prove that ««(«) are constants. In- 
deed, the coefficients of e^5"'(x — y) in the left hand side of (|3.9.13|) written in the 
f-coordinates have the expressions 



+ (2m 9.(^"^ cf ) + 9,^?"'^ cl^ <) ^ + 2 cf ^ 



(3.9.23) 



Substituting the formula ( |3.9.22| ) into the above expressions, we see that the first 
four summands are rational polynomials in the x-derivatives of u^,...,u^, and the 
last summand is a linear combination of log(M^), . . . ,log(u"). Since ( p.9.23| ) should be 
functions of m^, . . . , m" only, we deduce that 



^"^cf^ = 0, l<t<n. 
Putting (3 = n in the above equations we obtain 



0, l<i,^<n 



for generic point v when det{g°'^{v)) 7^ 0. So aii 



u 



aJu) are constants. 
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We will now prove that J^l^l has the form (|3.9.19|) . Since JFt^l only depends on 
w^, . . . , f vl, . . . , f the highest order of the derivatives of the delta-function in { , jg^' 
is 3, and the coefficients of 6"'{x — y) depend linearly on t>^, . . . , f!^ since deg K'^i = 1. 
An approach similar to the one given in the derivation of (|3.9.21| ) yields 



<^ = E^^fc(^)^- l<^<^- (3-9.24) 

k=i 

By using the compatibility condition (aS"-^^^^) ~ afj" (af^-^'^') have 
which yields 

n 
i=l 

Here h{u) is certain function of u^,. . . , u". To prove that h{u) is a constant we use 
the explicit expression for K^^ which is given by the right hand side of (|3.9.10|) with 
m = 1 and JF = JF^^I . From this expression we get 



^?"^cf^ = 0, l<a,P<n 

which implies that h{u) is a constant. The theorem is proved. □ 

Since JF^^l is a constant and JF^^] is a polynomial in the x-derivatives of v", the 
quasitrivial bihamiltonian structure ( |3.9.12| ) and ( |3.9.13| ) is equivalent to a quasitrivial 
bihamiltonian structure whose quasitriviality transformation does not contain the e 
and terms. The equivalence is established by the Miura transformation 

^ — e 



a,0 



dxdt 

We were not be able to prove that, for an arbitrary quasitriviality transformation all 
the terms with odd powers of e can be gauged out by a Miura transformation. In the 
next section we will prove that this is the case under an additional assumption about 
the structure of the symmetry algebra of the hierarchy. 



3.10 Virasoro symmetries 

In this section we will show that the Principal Hierarchy (|3.6.47| ) on £(M") of a n- 
dimensional Frobenius manifold M" always admits a rich algebra of symmetries isomor- 
phic to the half of the Virasoro algebra with the central charge n. The Virasoro algebra 
is constructed in terms of the spectrum of the Frobenius manifold. The operators of the 
Virasoro algebra act by nonlinear first order differential operators on the tau-cover of 
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the hierarchy. We will characterize general solution of the Principal Hierarchy in terms 
of the action of the Virasoro algebra. Due to quasitriviality the action of the Virasoro 



algebra can be extended to the full hierarchy (1/7). Our last condition requires linearity 
of this action of Virasoro onto the tau-function of the full hierarchy. We prove that, 
for a semisimple Frobenius manifold this condition uniquely determines the qua- 



sitriviality transformation ( |3.7.9| ). For the semisimple Frobenius manifolds coinciding 
with quantum cohomology of a smooth projective variety X we identify our condition 
of linearization of the Virasoro symmetries with the Virasoro constraints conjectured 



by T.Eguchi et al. |^6[ in the theory of the higher genus Gromov - Witten invaraints 
of X. 



3.10.1 From Galilean invariance to Virasoro symmetries of the Principal 
Hierarchy 



This subsection is based on the paper We also find a nice generating formula for 
the Virasoro symmetries that will be useful in subsequent calculations. 

Let us begin with the following 

Definition. The PDF 

B^{x,t,v-v,,...,-e) (3.10.1) 



ds 



is called (infinitesimal) symmetry of the hierarchy ( |3.6.47| ) if it commutes with all the 
flows of the hierarchy 

d dv d dv 



ds df^^P dt'^'P ds 

According to our definition the flows of the hierarchy themselves are symmetries. In 
this case the r.h.s. does not depend on t. Less trivial example is given by 



Lemma 3.10.1 The flow 



^ = e + ±r-J^ (3.10.2) 

p=i 



is a symmetry of the Principal Hierarchy 6'.^'/[ j 



Here e is the unity vector field on the Frobenius manifold. 
Proof (cf. [^) Let us consider first the flow 

dv 



ds 



Using 

dlOa,p+l = 9a,p, P > 0, diOafi = Val 
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we obtain 



d dv 



d dv 



dv 



p>0, 



d dv 
ds dt 



a,0 



d dv 
dt^'ds' 



The term Yl'^=i ^"'^ at'^p-i ( P-10-2| ) compensates the noncommutativity of the above 
flow with the equations of the hierarchy (cf. ||63]). " 



□ 



Example 3.10.2 For the Riemann equation 

Vt = V 

the above symmetry coincides with the infinitesimal form 

Vs = l+ tVj: 

of the Galilean transformation 

X X + at, t t, V V + c. 
Here c is an arbitrary parameter. 



Also in the general case we will call ( 3.10. 2|) the Galilean symmetry of the hierarchy 
( p.6.47|) . It is natural to produce an infinite chain of other symmetries by applying the 
recursion operator 

d d 

n- = - — , m>0 (3.10.3) 

where we redenote d/ds ^ d/ds^i the Galilean symmetry (|3.10.2|) . Such symmetries 
were discovered in []TB| for the case of KdV (also the idea appeared already in [^). It 



was shown in ||154|| that, for the symplectic bihamiltonian structures the above chain 
satisfies the Virasoro commutation relations 



_d_ _d_ 

dsi ' dsj 



(j - i) 



d 



dsi 



(3.10.4) 



i+j 



LicQ/QsaTZ = IZ. 

We cannot apply directly this result to the Principal Hierarchy. Indeed, the Poisson 
pencil ( p.5.24|) is not symplectic. From practical point of view the recursion procedure 
( p. 10. 3D produces nonlocal flows, starting from m = 1. For the simplest example of 
Riemann hierarchy 

dv X y—^ ( \\ dv 

^ + 2^=^' + ( ^ + 2 j 

fc>0 ^ ^ 



dsQ 



dt. 



dv 9 3 9 9u 1^1 / , 1 \ / , 3 \ 

^ ^ fc>0 ^ ^ ^ ^ 



dv 



dt 



fc+i 
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etc. 



The general problem of dealing with the nonlocalities in the bihamiltonian recursion 
procedure has been analyzed, in the style of formal variational calculus, in |^9|, |133|1 . For 
the case of Principal Hierarchy it was shown in ||5^ that the bihamiltonian recursion 
procedure can be used to produce Virasoro symmetries of the tau-cover (|3.3.17| ) of 
the Principal Hierarchy. We present here this result in a slightly modified form, using 
generating functions. 

Let us consider first the nonresonant case, i.e., assuming that the spectrum of fi 
contains no half-integers. Let Paiv; A), a = 1, . . . , n be a basis of independent periods 
(e.g., the one described in Theorem |3.6.12|) . Introduce the constant Gram matrix 



d d 



^dpa op 13 J dpa Opp 

Recall that, if the basis of independent periods is chosen as in Theorem |3.6.12| , then 

1 



Introduce action functions 



2ti 



[■gTiRgTri/i _|_ g-7riHg-7ri/l^^-l 



Sa{xJ, df/dt;X) 



(3.10.5) 



Put 



Pa[v; X)dx = xui y ^ — —X 2 '^A 

g>0 



m>0 p+q=m 



dtp 



A*^ 



S^ = S^{x,tJ,df/dt;X) 



s. + 5^A™+i (-l)%r,(i?,/i-m-^)A-5-AA-^ 



m 

°° dz 



p—q=m 



-Xz 



Z 



-q-l 



-p>o g>o 
Here we use short notations for the following row vectors 



zf'z''. 



d_ 

dtp 



d 



d 



and we denote 



dt^^P ' ■ ■ ■ ' , 

tq ■ {t\^qi . . . , ^n,g); ■ ^af)t ^ 

tg = tg, q> 0, to = ^0 + XUJI. 



(3.10.6) 



(3.10.7) 
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The Laplace integrals in ( p.l0.7|) are defined as in Theorem |3.6.12 . 



It will be always assumed that the periods p = p{v] A) are chosen in such a way 



that 



The functions Sa, a = 1, 



dxp = -dip. 
n satisfy the following simple identities 

d „ dpa 



d d 



-dlPo 



-d^Pa- 



dpfi dX 

In the proof of the second formula one is to use the equation 



(3.10.8) 

(3.10.9) 
(3.10.10) 



dadpp = clp{v)dydip. 



Theorem 3.10.3 The flows d/dsm, rn > —1, are defined on the tau-covering of the 
Principal Hierarchy by the following generating formula 



a 

ds 


^ 1 d 

m> — 1 




(3.10.11) 


ds 




1 dSa„c,p9Si3 

2 dX dX _ 


+ 


(3.10.12) 


9f-y,p 

ds 




d df 
dfy^p ds 




(3.10.13) 


dv^ 
ds 






+ 


(3.10.14) 



In these formulae [ ]+ means the regular part of the expansion of the function 
vanishing at A = oo. 

Proof We first derive the part of the symmetries not containing explicitly the times. 



Lemma 3.10.4 Let S_i = (5_i,„), Bq = {Bo,a), = (5i,„), B2 = (^2,,), . . . , be 
the r.h.s. of the flows 

^ - R 

defined recursively by 

B^ = nB^_i, m>0, 5_i,„=r7„,i. (3.10.15) 

Here 

= + r/^,r>^9-i (3.10.16) 
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is the recursion operator, 

n = {, }2{ , 



Then the generating function 



B_i Bo Bi 



reads 

{Bx)a = —-^dta-odx 



dx / p^dxGabdx / p' 



(3.10.17) 



Here p"" = p°'{v] X) , a = 1, . . . ,n is a system of independent periods of the Frobenius 
manifold, the constant Gram matrix Gab is defined by 

dp- dp'' ^ ^ ^ ^ • 

Proof Denote zui and 'UJ2 the tensors of the first and the second Poisson brackets 
respectively. Then 



_ 1 7^^"^ 

Let us first compute 



6 := (Ci72 — A ti7i) ^5-1. 

To this end we are to solve the following linear inhomogeneous equation 

{g"^ - Xr]''^)d^bf^ + Tfvlbp = 6^. (3.10.18) 

Denote 

(f)l := dcp" , a = l,...,n 

the basis of solutions of the corresponding linear homogeneous equation. Applying 
variation of constants we obtain 

be = r.Gab J dip'dx. 

Therefore 

{Bx)a = -d, (^dap'^Gab j dip'dx^ . (3.10.19) 

Using 



dta,o J pdx = daP 

valid for an arbitrary period p = p{v] A) (cf. ( |3.10.10| ) above) we complete the proof of 
the lemma. □ 
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To complete the proof of the theorem we are to apply the operator 



A V A 



-tI7i(tI72 — A txJi) 



at the sum ^ '^'^'^ a^fr-i • We leave this part of calculations as an exercise to the reader. 

The final step in the proof of the theorem is to check that, indeed, the flows 
( p.l0.12|) -( p.l0.1i ) are symmetries of the tau-covering of the Principal Hierarchy sat- 
isfying the Virasoro commutation relations. This can be done by identifying the coef- 
ficients of the expansion of the flows ( p.l0.14| ) with the symmetries obtained in 
The theorem is proved. □ 



In the resonant case we can regularize the formula ( p.l0.12| )-( p.l0.l3D as follows: 
Introduce 



dz 



'0 -22 

Define the deformed Gram matrix by 

Then we define the regularized symmetry by 

9/ 



p>0 q>0 



27r 



lim 



2^^ ^""^^T 



(3.10.20) 



(3.10.21) 



(3.10.22) 



Existence of the limit and the Virasoro commutation relations can be proved repre- 
senting the r.h.s. in the form similar to (p.l0.31|). 



3.10.2 Free field realization of the Virasoro algebra 

Let (£, < , >,jl,R) be the spectrum of a n-dimensional Frobenius manifold. We will 
construct here a representation of the Virasoro algebra in the ring of functions of infinite 
number of variables t = (t"'^). The construction is isomorphic to that of but the 
formulae are much simpler. 

Let us choose a basis ei, . . . , in £, denote rjap =< Cq,, e/3 >. We introduce the 
Heisenberg algebra with the generators 

aa,p, a=l,...,n, p eZ + ^ 
and the commutation relations 

[aa,p,a/3,q] = {-iy~^af3Sp+q,0. (3.10.23) 
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Introduce the row vectors 

cip (tlx p, . . . , CLn,p) 

and put 



0„(A) = M^^e-^^ ^ apz^'+'^z^ J , a = l,...,n. (3.10.24) 



2 



We consider first the nonresonant case where the spectrum of fi contains no half- 
integers. In this case the Virasoro operators are given by the following generating 
function 

= E = d^^o.G-'d^<^, : +^tr (\-fA . (3.10.25) 



meZ 

Here 



Qa0 ^ — L r(e-^ V*'^ + e-^^-f^e""^'^) r/'T^ , (3.10.26) 

2 TT 

the normal ordering is defined by 

: aa,pa^,q ■= ai3,qaa,p if g < 0, p > 0, 

■ 0'a,pO'l3,q '■= 0,a,p(ll3,q Othcrwise. 

Lemma 3.10.5 The operators Lm satisfy Virasoro commutation relations 

[U, L,] = {i- j)U+j + n 0. (3.10.27) 



In more general resonant case we regularize the formula (|3.10.25| ) as follows. Intro- 
duce the operator-valued functions 



[r ^^''^ E ^P^'^'^""] ' " = l,...,^- (3.10.28) 



a 



and the Gram matrix G"^(i/) as in ( ^.10.21 ). Here ly is an arbitrary complex parameter. 
Put 



^^^HA) = E ^ = 9,<^':' G-^.)dJ-^^ : +^tr (1 - A . (3.10.29) 

meZ ^ ^ 
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Lemma 3.10.6 Let k be the minimal positive integer such that — 0. Then there 
exist the limits 

L„ limL^;;), m > -1 
I/— >o 

L„:=limi/^L(;;), m < -1. 
I/— »o 

(3.10.30) 

These operators satisfy the following commutation relations 

[L„ Lj] = 0, I, J < -1, or i + i > -1, but (z + + 1) < 0, 

[L„ L,] = {z- j)Li+j, i+j< -1, {i + 1) (j + 1) < 0, or i,j > -1. 

The proof easily follows form the explicit formula 

T^'^\X) = l-x 



r R^.^ T{fi + iy + p + r + l) cos7r(/^ + iy)T{-fi - p + q + 1) ^ 

■ \r Xp+q+r+2 ^ 



1 ri ,2 



In this formula 

= (a^'^...,a"''')^ 

is a column vector with the entries 

□ 

To prove the commutation relations of the Virasoro operators it suffices to compute 
the commutator 



[2^(Ai),T(A2)] = ^EE(-l)^"^ ■ [Ml,{\,)Ml{\,) - ML,{\,)Ml{\,)) : 

p,q s 

+ \ E {-^y^'^\Ml{\,)M-4{\2) - Ml{\,)MZl{\,). 

p,q>0 

Here 

MP(X) = E N^{r) (3.10.32) 

with 



7V?'(r) 



9 

1 



TT 



- [e^^"]^ (r(/i + 1/ + p + r + 1) cos7r(/i + i/)r(-/i - i/ + g + 1)) 
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. (3.10.33) 

i/=0 



This can be easily done using the identity 

E (-1)^+'-^-"-^ K-p-r,{r2) N~-+^^^-\n) 

ri+r2=m+n—p—q 

+ E i-l)"--'-'^''^ N'-m-,,+r,ir2) N^-^-^^in) 



r\+r2=m+n—p—q 

{m — n) {m + n — p ~ q). 



A natural representation of the Heisenberg algebra p.l0.23| ) is obtained as follows 

d 

aa,p = e r, P > 0, 



p<o. 

(3.10.34) 



In this representation T(A) and Lm become linear second order differential operators 

r(A) = T(e-H, ed/dt; A) (3.10.35) 

Lm = Lm{e~h, ed/dt) 

= ^Y Q^'^'^ o ^o. + y ^n«'^t^'^7T^ + e-'C„..„r'^'t'^'^ (3.10.36) 

for some constant coefficients a^^'^'"^, &m^'g, c^p;/3,g depending on m and on the spectrum 
of the Frobenius manifold. 



Example 3.10.7 For n = 1 (the KdV theory) the Virasoro operators 1 U. 36^ ) 



coin- 



cide, up to normalization of the independent variables, with the well known in the KdV 
theory j^, realization of the Virasoro algebra 



e2 ^ (2A;+1)!!(2/ + 1)!! 



2 2™+i dtkdti 

k+l=m—l 

^ (2fc + 2m+ 1)!! d 1 
+ 1. 2^+1(2^-1)!! '^^9^ + 1^^-°' 



d _1_ 



k>l 

(2A;-1)!!(2/-1)!!^'^^ 

im— 1 / 



2"^-H2fc + l)!! 9 



fe>0 
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Example 3.10.8 For the Frobenius manifold l\3. 6. 5?|j (the CY*^ -model) the regularized 
operators (\3.10.2^\ ) read 



m—l 



92 



k=l 

im + k)\ d 



k> 



- (k-i)\ y ' 5t2,fe-r ) +2 

1 ^ ^ ^ ^ fc>0 



d 



Q^2,ni+k-l ' 



m > 



k>l ^ 



fc>i 



'"-1 ^l,k ^l,m-k 



m > 1. 



(A; - l)!(m - A; - 1)! 

i/ere the integer coefficients am{k) are defined by 

(m + /cj! 



(3.10.38) 



am(0) = m!, a^{k) 



k)\ ^ 1 , 



Lemma 3.10.9 T/ie generating symmetry flow ( \3.10.1^ ) can be represented as follows 



1^ 



T(e-H,e(9/9t; A)expi 



/ 



+ 0(11 



(3.10.39) 



The proof is straightforward. 



Remark 3.10.10 After this paper was finished a very interesting work of A. Givental 
appeared JT^/ . In particular, an elegant realization of our Virasoro operators Lm with 
m > — 1 was obtained in /|7S 



3.10.3 Virasoro symmetries and solutions of the Principal Hierarchy 

Let V = v{x,t,c{e)) be a solution to the Principal Hierarchy specified by the series 
c(e) = (c"'^(e)) in e with constant coefficients as in ( |3.6.75| ). Put 

/(x, t, c(e)) = J='o{x, t) = log r, fa,p{x, t, c(e)) = dt<^,p log r. (3.10.40) 

Here the tau-function and its first derivatives for the solution v = v{x,t,c{e)) are 
defined by the formulae ( p.6.86|) , ( |3.6.87|) . 
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Theorem 3.10.11 The functions v = v{x, t, c(e)), / = /(x, t, c(e)), 
fa,p = fa,p{x, t, c(e)) are the stationary points of the following symmetries of the Prin- 
cipal Hierarchy 



dl 
ds 



2 d\ dX 







df^ 



7:P 



d 



ds dt^^P 
dv^ 



ldS^i\,t)^^f,dSf3{\,t 



2 dx 



d\ 



(3.10.41) 
(3.10.42) 



ds 



d.d,p^G-^^-^^ 



-r].,,{{E - Xeyy = (3.10.43) 



where t = (t""'^), 



(3.10.44) 



Observe that the difference between the "shifted symmetries" ( |3.10.43| ) and the 
original ones ( p.l0.14|) is a linear combination of the flows of the Principal Hierarchy. 
In other words, the solution v = v{x,t,c{e)) satisfies the following infinite family of 
constraints 

= 6^,«'?c^''^^, m>-l. (3.10.45) 



ds 



The theorem was proved in |^ for the particular case c"'^ = 6f 5^. The proof can 
be repeated also in the general case without major changes. The crucial point in the 
proof is the identity 



9^171 + 1^2 



valid for any m > — 1. 

The expanded form of the stationary equations ( |3.10.41| ) reads 



(3.10.46) 



The constant coefficients are the same as in ( |3.10.36|) . The stationary equations for 
the first derivatives of the tau-function and for Va are obtained from the above by 
differentiation. 



3.10.4 Linearization of Virasoro symmetries 

Let us consider a quasitrivial bihamiltonian tau-symmetric hierarchy 

dWn 



df^'P 



{Waix),Ha,p}l 



(3.10.4J 
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obtained from the Principal Hierarchy by a quasi-Miura transformation 

v^^w^ = Vo, + d^dtco e^J^^''\v; v^,..., 1;^"^^). (3.10.49) 



k>l 



(For technical reasons we have changed the notations of the dependent variables of the 
hierarchy from u^, . . . , to w^, . . . , w^.) 

Theorem 3.10.12 The flows defined by the generating function 



I - E 1^1: (3.10.50) 

m> — 1 

ds ds ^ ^ aw"'^ ds 

k>l r=0 



d dlogT d dlogT 



ds dt'^'P dt'^'P ds (3.10.52) 
__ = e^d^dtco (3.10.53) 

(3.10.54) 

are symmetries of the tau- cover of the hierarchy i\3.10.4^ - They satisfy the Virasoro 
commutation relations ( \3.10.4 )- Every solution of the hierarchy, its tau-function and 
the first derivatives of it is a stationary point of the symmetries with the shifted times 
as m ( \3.10.4A )- ^3JU4^ )- 



Proof This is obtained by applying the "change of coordinates" ( p.l0.49| ) to Theorems 



131031 and p.lO.llj □ 



Definition. We say that the quasitriviality ( p.l0.49| ) linearizes the Virasoro sym- 
metries if there exists linear differential operators 

L„ = L„(e-H,e^), m > -1 (3.10.55) 

with coefficients polynomial in {e~^t"'P} such that 

dr 

-- LmT, m > -1. (3.10.56) 



ds. 



m 



Example 3.10.13 The quasi-triviality 

v^u = v + e^dlAfiv', v", . . . ; e^) 

.2 / IV 7v"v"' v"^ \" 

= y+'^logvr + eU— 2 -^^^ + ^^ +0(e6). (3.10.57) 

for the KdV hierarchy satisfies the condition of linearization of Virasoro constraints. 
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Observe that we have changed the normahzation 

2 

e . 

2 



Proof From independence of A/ of v and from Lemma |3.8.8| it follows that ( |3.10.57| ) 
transforms the Galilean symmetry 



dv 



dv 



p>i 



dt 



p-i 



(3.10.58) 



of the Riemann hierarchy to the Galilean symmetry 



du 

ds-i 



p>i 



du 



(3.10.59) 



of the KdV hierarchy. For higher symmetries we use, due to Theorem p.8.10| , that the 
quasi-Miura ( p.l0.57| ) transforms the recursion 



dv 



V + -v'd-' 



dv 



m > 



dsjYi \ 2 J ds^^i 
for the symmetries of the Riemann hierarchy to the recursion 



du 

dSyr,, 



1 2a2 1 ^"^ 



, m > 



(3.10.60) 



for the symmetries of the KdV hierarchy. As it was shown in the symmetries 
generated by the recursion procedure ( |3.10.60|) , (p.l0.59|) have the form 



du 

dSrn. 



t . 



m > —1 



T 



(3.10.61) 



where the Virasoro operators Lm are defined in (|3.10.37|) . Observe that our normaliza- 



tion of the flows of the KdV hierarchy differs from that of p6[. Our flows satisfy the 
recursion relation 



1\ du 
'^2 d£ 



'-dl + u + lu'd^' 
8 2 



du 
dt.p_i ' 



P>1. 



□ 



Let us assume that the quasitriviality transformation (|3.10.49|) is such that Fi = 0. 



This can always be done according to Theorem |3.9.5. 



Lemma 3.10.14 The operators Lm in 1 0- 53^ ) must have the form 

Lm = Lm + K,0 Sm,Oj m > —1 



(3.10.62) 



where the Virasoro operators Lm were defined in Section 3.10.^ and kq is a constant. 
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Proof By definition the principal symbol of the operator Lm coincides with 



"m J^a,p-^ I3,q / ^ ^mff^gl- a,p ^ / ^ ^a,p-f3,q'' 



m > —1. 



Here the variables Pa,p correspond to Due to vanishing of the terms of the order 

in the expansion of the tau-function we conclude that 



a,p;l3,q 



d 



for some constants Using the Virasoro commutation relations 

d 



K. 



m -^m 



_d_ _d 

dsi dsj_ 



(j - 



dsi 



and 



[Li, Lj] = (j - i)Li+j, i, j > -1 
we derive that /tm = for m 7^ 0. 



□ 



Let V = v{x,t,c{e)) be a solution to the Principal Hierarchy described in Section 



3.6.4| . We call it admissible w.r.t. the quasitriviality transformation if all the denomi- 
nators of the rational functions dxdta.oJ-'^''^(v;Vx, ■ ■ ■ jf*-"*-*) do not vanish at the point 
a; = 0, t = 0. We will see below that any monotone solution to the Principal Hierarchy 
is admissible for our class of quasitriviality transformations. 

Denote w = w{x,t,c{e)) the solution to the full hierarchy (|3.10.48| ) obtained from 
an admissible solution v = v{x,t,c{e)) by the quasitriviality transformation ( |3.10.49|) . 
All these will be called admissible solutions to the full hierarchy. Applying to an admis- 
sible solution w{x,t,c{e)) the quasi-Miura inverse to ( p. 10.491) one obtains a solution 
v{x,t,c{e)) of the form ( ^.6.751 ). The tau-function of the solution w{x,t,c{e)) has the 
form 



t{x, t, c(e)) = exp [e-^J^o{x, t, c(e)) + ^ e'=-2^W(t;; v^, . . . , w 



I v=v{x,t,c{e) 



(3.10.63) 



k>l 



where the function jFo( (e)) has been defined in ( p.6.86|) . 



Lemma 3.10.15 The tau-function ( \3.10.63i ) of any admissible solution 
w = w{x,t,c{e)) to the full hierarchy satisfies the following system 0/ Virasoro con- 
straints 

-ir . d 



Lm{e t,e— )r(x, t,c(e)) = 0, m > -1 



(3.10.64) 



where 



i-a,P — i-a,p 



c"'P(e)+x5iX 
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Proof Substituting the expansion ( p.l0.63|) into the definition of the hnearization 

Or 



Lm.T 



dSr 



and collecting the coefficients of ^ we obtain, for every A; > 

+ d. 



1=0 



(3.10.65) 



In this equation we identify JFq =: The equality with = holds true due to the 
definition of the symmetry (p.l0.51| )-( p.l0.53"D . For /c > we can use (p.l0.45|) in order 
to rewrite the r.h.s. in the form 



Qjr[k] 

dSrn. 



dSr 



Qjr[k] 



df^'P 



gjr[k] 
dt'^'P ' 



This proves the lemma. 



□ 



From the above statements it follows 

Theorem 3.10.16 The logarithm of the tau-function 

T := logr 

of any admissible solution of the full hierarchy satisfies the following system of equations 



d 



d 



MP{X) 



dT 



dt 



q-l/2 



p,q>0 '- 

(-l)^-^t>-^M!,(A)^^ + ^(-l)^+''+^t^-^M_7(A)Vi + ^2 



for any A. 



(3.10.66) 



Example 3.10.17 For n = 1 the equation ( 3.10. 6t ) coincides with the loop equation 
in topological gravity \6d{] (for the particular solution with Cj = 6j^i) or in the double 
scaling limit / |77| , \81\ l of the Hermitean matrix model at the k-th multicritical point 
(for the particular solution with Cj = Sj^k+i, k > 1) ^TB{] (see also \TU^). 



Motivating by this example, we introduce 

Definition. The equation ( p.l0.66| ) is called generalized loop equation in the theory 
of integrable hierarchies. 



In Section p.l0.6| we will develop a technique to obtain a universal "perturbative 
solution" to the loop equation. To this end we need first to recall some technical tricks 
of using canonical coordinates on semisimple Frobenius manifolds. 
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3.10.5 Working with Frobenius manifolds in the canonical coordinates 



In this Section we summarize, following |3^, ^ a very efficient technique of working 
with semisimple Frobenius manifolds based on introduction of canonical coordinates. 

Let M be a semisimple Frobenius manifold. Denote Mgs C M the open dense 
subset in M consisting of all points v & M s.t. the operator of multiplication by the 
Euler vector field 

E{v)- : T^M T^M 

has simple spectrum. Denote Mi(f ), . . . , Un{v) the eigenvalues of this operator, v G 
Mss- The mapping 

Mss (C" \ Ui<j{Ui = Uj)) /Sn, V ^ {Ui{v), . . .,Un{v)) 

is an unramified covering. Therefore one can use the eigenvalues as local coordinates 
on Mss- The vectors d/dui, i = 1, . . . ,n are basic idempotents of the algebra T^M for 

any v G Mgs 

d d ^ d 
dui duj dui 

Orthogonality 

^ dui ' duj 

readily follows from the above multiplication table. We call ui, . . . , Un canonical 
coordinates on Mgs- We will never use summation over repeated indices when working 
in the canonical coordinates. 

Choosing locally branches of the square roots 

iJii^u) := a/ < d/dui, d/dui >, i = 1, . . . , n (3.10.67) 

we obtain a transition matrix \1' = {ipiaiu)) from the basis d/dv"" to the orthonormal 
basis 

V.,Y(«)^.*.»^.....fcV)^ (3.10.68) 



d d , 
— ,— =0, 



of the normalized idempotents 



7^ = E^^- (3-10-69) 

ipii{u) dui 



Equivalently, the Jacobi matrix has the form 

dUj _ Ipia 

The matrix "^{u) satisfies orthogonality condition 

/ d 

^^(m)^(m) = 1], ri= (riap), r]^f3 ■= ( 
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(3.10.70) 



d 



The lengths ( p. 10.671 ) coincide with the first column of this matrix. So, the metric 
< , > in the canonical coordinates reads 



< , >=J2^Uu)dul (3.10.71) 



i=l 



Denote V{u) = (Vij^u)) the matrix of the antisymmetric operator V ( |3.6.5| ) w.r.t. 
the orthonormal frame 

V{u) := ^(m) V ^-\u). (3.10.72) 

It is a solution to the following system of commuting time-dependent Hamiltonian flows 
on the Lie algebra so{n) equipped with the standard Lie - Poisson bracket ( p.l.8| ) 



dui 

with quadratic Hamiltonians 



^ = {V,H,{V;u)}, t = l,...,n (3.10.73) 



2^. Ui- Uj 
The matrix ^(u) satisfies 

1^ = V,{u)^, V,{u) := adEMu^yi^))- (3.10.75) 

OUi 

Here U = diag [ui, . . . , u„), the matrix unity Ei has the entries 

The isomonodromic tau-function of the semisimple Frobenius manifold is defined 

by 

n 

d\ogTi{u) = ^Hi{V{u)]u)dui. (3.10.76) 

i=l 

It is an analytic function on a suitable unramified covering of M^g. 



The system ( p.l0.73| ) coincides with the equations of isomonodromy deformations 



of the following linear differential operator with rational coefficients 



^ = (u + -] Y. (3.10.77) 

dz \ z 



The latter is nothing but the last component of the deformed flat connection (|3.6.5|) 



written in the orthonormal frame ( p.l0.68| ). The integration of (|3.10.73| ), (|3.10.75|) 



and, more generally, the reconstruction of the Frobenius structure can be reduced to a 



solution of certain Riemann - Hilbert problem |^ 
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In the canonical coordinates the intersection form ( , )x, having in the flat coordi- 



nates the Gram matrix 
becomes equal to 



i=l 



Ui - A 



(3.10.78) 



The differential equations for the periods p = p{v; A) (i.e., the Gauss - Manin system 
in the terminology of |^T|) can be recast into the form 



duj Ui — Uj "" 



1 



duj A — Ui 



Vi.. 



Ui - u. 



(3.10.79) 



where the functions 



i(f ; A) are defined by 
dp{v{u); A) 



dui 



'4^ii{u)(t)i{v{u)] A). 



(3.10.80) 



These functions also satisfy the following equations which will be used later: 



Vi 



ik 



d(f)i (k_ 

dX 2{ui — A) ' ^ Ui — A 



(3.10.81) 



For the basis of periods Pa = Paiv] A) such that 

d d 



we put 





dpa{v{u); A) 
dui 



dpa ' dpf} 



'ipil{u)(f)ia{u] A). 



(3.10.82) 



From ( p. 10.781) and from the tensor law for the metric ( , )a the orthogonality condition 
follows 

<j)Uv{u); X)G'^%M^y^ A) = (3.10.83) 

Ui A 



3.10.6 Loop equation on the jet space of a semisimple Probenius manifold 

In this section we develop the main tool for computing the "perturbative solution" of 
the loop equation. In particular we will prove that the loop equation ( ^.10.66| ) uniqely 
determine the quasitriviality transformation (|3.10.49 ). 
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The coefficients J^^^^ for A; > are to be determined from the recursion relations 



9 a,p;P,q^^^^^ , L a,prp,g 
^ '-I'm ^ . _ „ n . a . ~r "rn, „ 



k-1 



a. 



a,p;P,q 



Qfa,pQfP,q 



i^oSmfiSk,2, m > -1 (3.10.84) 



that must hold true for an arbitrary solution v = v{x,t,c{e)). The l.h.s. of this 
equation is a linear differential operator acting on jFl*^!. We will call it linearized 
Virasoro constraint. The coefficients of the linear differential operator depend on the 
choice of the solution v = v{x,t, c(e)). Let us compute the generating function (|3.10.66|) 
of the linearized Virasoro constraints. 

Lemma 3.10.18 Let J-'(v;Vx, ■ ■ ■ ,v^^^) be an arbitrary function on the jet space, the 
functions jFo(x, t, c(e)) be as in \3.6.8d^ ). Then 



oo ^ 

y — 

^ \m- 



m=— 1 

N 



\m+2 



N 



r=0 ^ ^ r=\ k=\ ^ ^ 



(3.10.85) 



Proof According to ( |3.10.41| )-( |3.10.45D , the l.h.s. of the last equation can be written 
in the form 



dSgjt, A) f°° dz ( "^-^^p+i 



G»P / ^e-^M -^zP+^z^ 



dX Jo y/z 



N 



Xz 



z-^ dv^''' ^ dtp 



,r=0 



r=0 

A dJ^ ( dSg{t,X) p dSp{t,X) \ 

r=0 ^ ^ 

V \^ ( ^\ fc (9^«(t, A) ^r-k+lf^^ 

-l^^ri^yk)'^- dX ^ "^^^ 

r=l k=l ^ ^ 

1 1^ «J (^) ' + £ 1^ E ( I ) 

r=0 ^ ^ r=l fc=l ^ ^ 



P/3- 

(3.10.86) 
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The lemma is proved. □ 

We will now rewrite the linearized Virasoro constraint operator in the canonical 
coordinates Ui, ... ,Un on the Frobenius manifold. 

For any integer r > denote 

uM; A) = a; (^-L_y + dl-'d.p^G'^Pdl-^+'d^pp (3.10.87) 

where = Pa{v{u)\\), = p{v{u); (3). 

Lemma 3.10.19 The differential polynomial Kr{u; Ux, . . . , u^^^] A) is a rational func- 
tion in A with poles of the order r + 1 at \ = Ui, . . . , \ = Un- It is regular at \ = oc. 
The coefficient of the highest order pole (A — Ui)~^^^ is equal to 



r^- + ^~"^(l) {2k - 3)\\{2r - 2k + ly.l 



(3.10.88) 



Proof For v G Mgg the vector functions (pi{v; A) = (0i(f ; A), . . . , 0„(f ; A))^ are solutions 
of a Fuchsian system in A with regular singularities at A = Mi, . . . , A = m„, X = oo. 
The monodromy group of this Fuchsian system preserves the invariant bilinear form 
( p. 10. 831 ). The monodromy does not depend on the point of the Frobenius manifold. 
Therefore every term 

d^-^dip^ d'-^^^d^Pp 
in the expression ( |3.10.87| ) is a single valued function in A with regular singularities at 



the same points. Hence this is a rational function with poles at Ui, . . . , u„, oo. From 
the expansion ( |3.6.66| ), ( |3.6.67| ) it easily follows that the pole at infinity disappears. To 



compute the pole of the highest order it suffices to derive from ( p.l0.79|) that 

where dots denote the terms with poles of the lower order. Using the orthogonality we 
obtain the highest order pole at A = in 

5r'($^^a(u)0..)G"^5r'=+^(5^^/(u)0,/3) 

(2A;-3)!!(2r-2A: + l)!! ( ^^ 



2'- (A - Uiy+^ 

(3.10.90) 

where dots denote poles of lower order. To finish the proof of the lemma it remains to 
observe that 

^y = yMfM>). (3.10.91) 

E-\ Ui-\ ^ ' 

' 1=1 
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So, the highest order pole at A = in the first term in ( p.l0.87|) equals 

(A - u,Y+^ • 

The lemma is proved. □ 



Theorem 3.10.20 The solution of the system of Virasoro constraints l \3. 10.64) for a 

semisimple Frohenius manifold is unique. 

Proof It suffices to prove that, for any the linear homogeneous equation 
1 1^ 9- (^F^)' + E 1^ E (l) = (3.10.92) 

r=0 ^ ^ r=l k=l ^ ^ 

has only trivial solution JF = JF(t>; f^., . . . , t>(^)). According to the previous Lemma the 
l.h.s. of the equation is a rational function in A with poles of the order iV + 1 at the 
points A = Ml, . . . , A = Un- The highest order pole at the point X = Ui reads 



^ dv^^^ (A - 



A^! + 2^^ ^ ( ^ j {2k - 3)\\{2N - 2k + 1)!! 
k=i ^ ^ 



7 

Due to nondegeneracy of the matrix {il){'{u)) we derive that 

dT 

^ = 0' 7 = 1,. 

The theorem is proved. □ 



Corollary 3.10.21 If the quasitriviality transformation satisfies the assumption of lin- 
earization of the Virasoro symmetries, then it is equivalent, up to an action of the Miura 
group, to the transformation of the form 

oo 

v^^w^ = + d,dt^,o Vx,..., v^^'-^^) (3.10.93) 

9=1 

where the functions Tg are uniquely determined from the system of Virasoro constraints 



Proof Using Theorem |3.9.5| , we can kill the ffist term JF^^J in the quasitriviality trans- 



formation (|3. 10.491) . All subsequent trems J-'l'^^ for odd k must vanish due to the 
uniqueness theorem. Theorem |3.9.5| implies that the highest order of jets in J^g is equal 
to 3 (7 — 2. The corollary is proved. □ 
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In the framework of the theory of Gromov - Witten invariants, the generating 
function of the genus g Gromov- Witten invariants is conjectured to have the form 
^g{v, Vx, ■ ■ ■ , v^^~^) where are some special two point correlation functions, it makes 
part of the so-called Virasoro conjecture of T.Eguchi et. al. [Q. For the case where 
Frobenius manifold M coincides with the quantum cohomology of a smooth projective 
variety X with H°'^'^{X) = the Virasoro conjecture suggests a system of differential 
equations for the generating function of Gromov - Witten invarants of X and their 
descendents that coincides, in this particular case, with our Virasoro constraints (see 



details in ||52| ) 



Corollary 3.10.22 The partial derivatives dTg/du^'^ with respect to the jet coordi- 
nates u*'^ := d'^u^ , k = 1, . . . ,3g — 2, are rational functions of the jets with the denom- 
inator containing only powers of u]., . . . , u^. 



Corollary 3.10.23 Any monotone solution w = w{x,t,e) satisfying w(0,0,0) G Mgg 
is admissible. The quasitriviality transformation (\3. 1 U. 93j establishes a one-to-one cor- 
respondence between monotone solutions f (x, t, e) to the Principal Hierarchy satisfying 
and admissible solutions to the full hierarchy. 

Let us now derive the generating function of the remaing part of the system of 
Virasoro constraints ( |3.10.66| ). The following statement will be convenient for such a 
derivation. 

Lemma 3.10.24 Let h'^^ and h"^^ be two sets of elements of a commutative algebra, 
a, /3 = 1, . . . , n, p, g = 0, 1, . . .. Denote 



bp — i^i p, . . . , b^ p), bp — {bi p, . . . , 



and put 



oo 



7 / OO 

az 



pZ^ 1 . , 



Then 



m=l p+g=m— 1 

Proof follows immediately from the free field realization of the Virasoro operators. 
Let us denote 

oo 
k=l 
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Lemma 3.10.25 The loop equation (\3.10.6(\ ) is equivalent to the following differential 
equations for the function AjF on the jet space 



d: 



1 V^^V 



dv 

r>l fc=l 

l dpa{v]X) ^ dpp{v] A) p _ /to 
2 d\ d\ A2 

^2 



92 AJ^ 9AJ^9AJ^\ 



^ 9 5^;7,fc ^ 



V 



dpa{v;X) dpi3{v;X) 



dX 



dX 



(3.10.95) 



Proof Direct substitution of exp(e ^JFq + AjF) into the system of Virasoro constraints 
gives 



^ ^ r>l fc=l ^ ^ 



+ 



+E 



a: 



(3.10.96) 



Applying the formula ( p.l0.94| ) to 



we obtain 

o'M = <y"M = {AT[v[x)-...-e), 

So 



vP=0 



}l- 



^o-q(A) 
dX 

Therefore 



-{AJ^ivix); . . . ; e), / ^e"^" ( / 5„(t;(x); z)dx ) }i 



-{A^(t;(x);...;e),p,(A)}i. 



E ^iS^i^ = • • • ; e),p-„(A)},G"^{A^(.(x); . . . ; 6),p,(A)}, 

This gives the second term in the third line in the equation ( |3.10.95|) . Similarly, to 
calculate the two terms of the expression 



dt'^'PdtP''} 
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we are to use the same trick and also the formula 



•9^7,0 



This will give the first term of the third line and also the last line of the equation 
( p. 10.951) . Finally, applying the same trick to the calculation of 

Xm+2 Qfa,pQf(3,q ~ _Xm+2 '^"'P * "l^^l 

we obtain the first term of the second line of the equation. The lemma is proved. □ 



Example 3.10.26 For n = 1 we have 

p = Vv-X, G = 4 

dxp * dxp 



1 



1 



32 A2 32{v-Xy' 
So the spelling of the loop equation ^3.10.6(\ ) reads 



r r>l k=l ^ / V V 



16 A2 16(t;-A)2 A^ 



+ 9E 



92 AJ^ dAJ^dAJ^ 



+ 



-y/f — A — A 



e 

16 



A'^ow we can determine recursively each term of the expansion 



substituting it into equation ([3.10.9%) . For T\ we obtain 

1 dT 3 v' dT 1 1 



v-\dv 2{v-\Ydv' 16 A2 16(t; - A)^ 
This implies that 



A2" 



1 ^ 1 1 , 
— , J^l = — logt' . 
16 24 ^ 



For the next term 



n-~ n-~ / I II III IV\ 

T := T2\v\v ,v ,v ,v ) 



(3.10.97) 



(3.10.9^ 
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we obtain from (\3.10.9% ) 
1 



{v-\f V2048 
1 f 49 

+ 



105 ,2 945 ,4 dT 

V —V 



{v - A)^ 
1 



+ 



{v - xy 

15 ,2d^' 
4^ dv"_ 
1 dT 



1536 
1 v'" 
192~ 



-V 



16 dv^"^ 



735 ,2 n 105 ,3 dT 

-V V T—rrr H V 



dv" 



23 v'" 
4608^ 



9 87 
16f H — -V V 



(v-xy 



o IV , 
3f „ + -f 



dT 



dv^^ ' 2 dv'" dv" 



0. 



f — A 9f 

Solving this system we easily obtain 

jv 



To 



V 

1152 V 



/2 



7v"v" 
1920 v 



,//3 



/3 



+ 



360 v 



/4- 



55 , „ dT 

V V — — 

4 dv'" 

3 ,dT\ 
-V -7— 
2 dv' J 



(3.10.99) 



(3.10.100) 



Example 3.10.27 For the two-dimensional Frobenius manifold (\3. 6. 51\ ) (i.e., for the 
CP^ sigma-model) one can choose the following system of independent periods 



Pi=V2-2 log 1 - A + a/ {vi - xy - A ey.Y>'V2^ 



P2 = V2. 

The Gram matrix is equal to 
A simple calculation gives 

d,p. * = (4^.._(,^_;^)2)3 - 

So the loop equation ^S.lO.ddj) reads 

+EE f ( ^^r^^^^ - 2^d- 



(3.10.101) 



r>l fc=l 



■fc+1 



D-V^ (4e^^ + (t;i-A)2) 
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where 



k,l 



+4 1^ + ^^^^ 1 



A 



,1+1 



D 
1 



D 



dvf''' dvf' dvf^ dvf j 
d'^AT , dATdAT\ ^^+1 1 1 



d' 



dt 



i+i 



+ 



2 

dAJ' 



dv. 



(k) 



4 {vi -\)v[- [{vi - A)2 + 4 e^2] v'^ 



D = {vi- Xf-Ae 



■V2 



(3.10.102) 



In the next sections we will solve the system of Virasoro constraints for low genera 
g < 2 and compare this solution with the topological one. 



3.10.7 Genus one case and the final form of the loop equation 

Lemma 3.10.28 For an arbitrary semisimple Frohenius manifold and an arbitrary 
system of independent periods Pa{v; X) , a = l,...,n, G"^ = {d/dpa,d/dpi3)x, the 
following identity holds true 



dxpMu);X)*dxpM^y,^)G"'' 
1 " 1 



\/2 



-^{X-u^y ^ {X - u,){X - u,) 2A2 



+ :7T?tr 7 -A' -(3.10.103) 



Proof Introducing, as above, the functions 4>ia{v; A) by 

diPa{v{u); A) = i:ii{u)4>ia{v{u);X) 

we obtain 

diidxPa * dxPpG'^^) = dx<P^adx(P^pG''^. 

Using differential equations ( p. 10.811 ) we rewrite the r.h.s. as 



{u^ - Xf 



'Hp 
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E 



4(n,-A)3 ^ [u,-X)\u,-\y 

To derive the last formula we have used the orthogonality condition ( p.l0.83[ ). Using 
the differential equations for the matrix Vij [41, 42| we integrate the last formula to 
obtain 



0/3 



{ui - X){uj - A) 



+ c(A) (3.10.104) 



where the rational function c(A) is an integration constant. It can have poles only at 
A = oo. To determine this integration constant we will use the basis of the regularized 
periods (see Section p.6.3| above) as follows 



■ X 



TT 



p,q>l r>0 

Here 



Op-i [e^^^],^ (r(ya + z/ + p - r + i) cos7r(/i + z^)r(-/t - ly + q + * 0"^^ 



\p+q+r+l 



3l,fc 



T^op^k- 

Therefore the integration constant c(A) must be chosen in such a way that the r.h.s. 
of (13.10.1041) = 0(1/A3). Hence 



c(A) 



n 



1/2 
X2 



To complete the proof it remains to observe that 

trV'^ = tr {fi + Rof = tr/i^ 
due to nilpotency of Rq and commutativity [Ro,p] = 0. 



□ 



Theorem 3.10.29 For an arbitrary semisimple Frobenius manifold the system 
^3.10.93i) implies 

•^^=^°SjW7!iy + ^El°g<' (3.10.105) 

^ ^ i=l 

'^o = ^trQ-^2^. (3.10.106) 

Here the isomonodromic tau-function rj{u) of the Frobenius manifold is defined by 
l \3.10.76i) , J{u) is the Jacobian of the transformation from canonical to the flat coordi- 
nates 

J(M)=det( — ) =±J]V^,i(m). (3.10.107) 



i=l 
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) in 


51 


using results 


72 



space A1i,4. Remarkably, the very same formula follows from our axioms of integrable 
PDEs! 

Proof We are to solve the following equation for the function JF^ = J-'i{v; Vx) 



E 



i=l 



dTi 1 
duj Uj — A 



- 9^ - xy 



dv2 



Pl3 



1 ^ 1 1^ 



+ 



_ 1^ 

(3.10.108) 



16^(A-«.)2 2 ^ {X - u.){X - uj) 4 A 
Using the formulae 

daPa = Y'ipka{u)(f)kaiv{u); X) 

we obtain 

z^M^^^"^ + V^'^'^"^ ^^"^'^J- 

With the help of the differential equations for the functions ipia and (f)ka and the 
orthogonality conditions ( p.l0.83|) and 



we rewrite the equation ( p. 10. 10^ ) in the form 



dui Uj — X 



3 ^ dJ^i u[ 

9 2^ r)',,' 



du'i {ui — xy 

1 >^ 1 1 



16^(A-n.)2 2^(A-n,)(A-«,) 4A2 



(9u • 1 {ui - A) (uj - A) 



+ T^tr|^-A^)-^. 



The formulae (p.l0.105|) and (|3.10.76| ) easily follow from the last equation. 
As in ( |3.6.91|) we define "genus one correlators" 



□ 



(Tpi(0ai)Tp2(0a2) • • • '^Pk\'Va 



J))i:=e* 



(3.10.109) 



where instead of f, Vx one is to substitute the topological solution ( p.6.89|) , (p.6.90|) 
and its x- derivative. 
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Theorem 3.10.30 For an arbitrary semisimple Frobenius manifold the genus 1 so- 
lution (\3. 10.1 Odj ) of the loop equation evaluated on the topological solution l \3. 6. Sdj ), 
( 3. 6.9(\ ) satisfies the following identities. 



1). The genus one topological recursion relations 



1 

24 



+ W:;V''^{{rp-i{(pa)ro{(pu)roM))o. (3.10.110) 



2). The restriction 

G{v) := J^i{v;v,^) 

onto the small phase space f^'^ = for p > evaluated onto the topological solution 
satisfies 



1"-! rvo A <' n ^ 



l<ai ,Q:2,03,Q4<'n. 



24 "' '^'^ 4 ""^ / V'-'--^"--^^^/' 

Here the coefficients c'^^ = c'j^g{v) are structure functions of the Frobenius multiplication 
on TyM, c"^T"' = c°''^^^{v) and c^^^^ = c'^^^^si'^) ^'^^ linear combinations of the 4th and 
5th order derivatives of the potential F{y), 

op ^ 00' m' d^F{v) ^ d^F{v) 

It is understood that all the coefficients of the degree 4 polynomial in zi, . . . , Zn in 



( \3.10.111\ ) are equal to zero. 



Proof of the Theorem can be obtained just inverting the arguments of |]^ where 



vice versa, the formula (p.l0.105|) has been derived starting from the "topological" 



equations (|3.10.110|) , (|3.10.111|) . 



Similarly to the genus zero relations ( p.6.92| ) the above equations ( p.lO.llOP , 
( p.lO.llil) can be spelled out as an infinite system of identities for the genus one and 
genus zero Gromov - Witten and Mumford - Morita - Miller classes in the case when 
the Frobenius manifold comes from quantum cohomology. For this case the genus 
one topological recursion relations ( |3.10.110D were derived by E. Witten in |[L46|| , the 



equations ( |3.10.111|) were derived by E. Getzler |7^. They are known to be the defining 



relations for the genus one classes (see details in |72| 
We arrive at the main 
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Theorem 3.10.31 The tau- symmetric quasitrivial (0,n) Poisson pencil with the lead- 
ing term ( [J. 5. 24 ) corresponding to a semisimple Frohenius manifold and satisfying the 
axiom of linearization is obtained from ^3. 5. 24\) by the transformation 

Va ^ WaVa + e^d^dtc,oAJ^{v] v^, v^^, . . . ; e^), a = 1, . . . , n 

•where the function 

is uniquely determined from the following universal loop equation 



^ ^ r>l k=l ^ ^ 



2 ^ 5y7,fc 



, dpa{v;X) ^ dp(3{v;\) 
dX dX '""^ 



C"^. (3.10.113) 



It remains an open problem to prove existence of solution to the loop equation 
( p. 10. 113 ) - this sounds plausible since the number of equations is equal to the number 



of unknowns - and also to prove polynomiality of the resulting Poisson pencil in every 
order g. For g = I this follows from the results of [0]. In the next section we will 
consider the g = 2 terms. 

3.10.8 Genus two 

Let us now proceed to the genus two case. After long but straightforward calculations 
we obtain the following formula for J-'2{u; u^, ■ ■ ■ , u^xxx)- Denote 

Uj^ . Ui^xi ■ "^i.xx GtC. 

hi = hi{u) := ipii{u), i = l,...,n. 



Theorem 3.10.32 For an arbitrary semisimple Frobenius manifold the following for- 
mula holds true 

T u'/ 7 villi!:' 1 uf 1 V^nll' 



1152M:.2/i2 1920 wf/i? 360m:.^/i2 40Mi^ «>2 



1 hj u'j u'l' 19 Vij u'l' hj _^ 1 Vij u'l' h. 



640 u,,ufhl 2880 Uiju', hi 11^2 m^u'-h] 
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7 VI u'l 1 u'l /ife (32 < - 7 <) 

40 Uij Uik hj 240 Uij Uik u[ /if 

I ViiV^v!ihi _ 1 T^jV^^< _ 3 

40 UijUjkhj A8uijUjku\hihj dAu^jh'j 

II v;j<^ 29 y,,y,fc</i,/ifcK-2ii;) 

muijufhj 5760 iiijii,fe^/i| 

1 y,,- u'l hj hk (54 - 25 ^; ^; - ^; 

1920 lij^- Uik uf hj 

1 Vik u'l hk {u'i - u'^) 1 VikVjku'f,u'l hi 

384 UijUiku'jh^j 384 UikUjku'^h^ 

1 VijVjkuflhk{2u'j-u'f,) 
576 ?ijfc ?i ■ h'^j 

1 Vi^V^ku'kU'lhk{27u', + u'^) 19 l^,,l^fc</ifc 
5760 UjkUiku'^h^ 1920 UijUikh^ 

1 Vij V^k hk (27 < < - + 2 u'^ 4) < 
5760 UijUjku'-"^ h^ 

1 V,,V,ku'lK ^ ^ V^VM^ _ J_32X2]1<<_ 
288 UjkUikhl 384 UijUiku'^hl 576 ujkUiku'^ hi hk 

1 V^j<'/it, (11m:-5^;) 1 V^,<t^J/ij 
1920 /if 5760 /if 

1 V^,</i,(57t.f -27<^^-^f) 
5760 /if 

1 m'/ /li (4 u'j - 3 _ 1 m'/ 
1152 ^Ip^l 576 u'^ hi hj 

1 V.,n!ln!; ^ 1 V^VlVin!^ 
1152 u'^u'- hi hj 10 Uij Uik Uiihf 
7 V,^ VI Vu hi ixf 7 \/J /iz tx>l _ 1 

20 /if 40 Uik Uii /if 8 Uik Uki hi hk 

1 V^j Vik Vki hi {u',' - 3 - 2 u', u'l) ^ 3 V;^ V,k Vki u'^ u', hi 
40 UijU.kUkih^ 40 UijUikUiilif 

1 Vk Vki hi (3 nf + ) ^ 1 V^j V,k Vki hi u', (2 - 
40 UijUkiUiihf 48 UijUikUkihihl 

5 l^^fe /i. /i^ (4 - 4 »^ u', + ^^,^0 83 V;,^ Kl 
96 UijUikUii hi 480 wf^ /if 

1 V,,VkV,iVkiK^ _ 1 V,,V,kV,iVki'4 _ 1 V^^V,kVkiu!,u!i 
144 Mjfe Uii h\ 144 Mjj- Mjfc Uki /if 48 Wfc; un hi hi 
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^ 29 V,jVuA'j,hiJu{n',u\-n\u', + 2n'^-n',n';) 

1920 Uij Uik Uii hj 
29 Vjj Vik Vji hk hi uf (2 < - Q 

5760 Uik Uji Uii hj u'i 

29 Vjj Vik Vji hk hi u'j (2 u'i + 2u'i u'j - u'j u'^ - Au[ u\) 

5760 Uij Uik Uji hf u[ 
1 Vjj Vik Vji hk hi (4 ^ ur - 4 u[ u[ + ^j^^ 

1152 UijUikUjih"^ h'j 

1 ^i,- Vik Vji hi « - 2 ^ < 

384 Uij Uik Uji u'f, hi 



_^ 1 VijVikVjihiu'i^ {u\-3u'i) 1 VijVikVjihiu-uf 



1152 UijUikUiiu'^hl 384 UikUjiUuu'^hl 

1 VjjVikVjihiuf {3u[-2u'.^ 1 (^. -2^9 

1152 7Li.jUjiUjku'^hl 288 UikUjiUjkhl 

1 y.,V,fcV;z/i;<(2M',-3«9 1 \/.,\/.,V;z/izMf 



576 Mjfc Mjfc Uki hi 1152 Mfei Uii u'^ hi 

1 V"ij Vik Vji hi uf 1 Vij Vik Vji hk u'l {u'k - 2 ti ■) 



288 UikUjiUkihl 576 UikUjiUuh"^ hi 

1 Vij l^ifc Mfc 



1152 Uik Uji Uki hk hi 

7 Vij Vik Vii hj hk hi (8 uf - 12 u'j -~ u'j u'^ u'l + 6 m • u'j u'g.) 
1440 Uij Uik Uii h^i M • 

29 1 V^J^ifc/ife(3Mf -8 m'/) 53 V^^Vkhku'iU'^ 



1152 Uijulf^hf 320 Uijulf^hl 1920 UijUikUjkh] 

V^jViku'ihk f 27 , 233 _ ; 



lij-fe/if V640 " 2880 



• ^ifc hk f 233 ^ 67 A 1 l^J l^^fc h^ 



V2880 ' 960 V 1152w.,«?,«',/i| 
1 V^jV^khiuf 1 V^jVikuy, 



576uluiku'^hl 48 Uij U^k 



^ 233 Vfj hj ufi" 43 h, u', u'j 1 V^^ u', u'j 



1440 uij hi 384 uij hi 12 uij hi hj 
29 V^j Vik u'j u'k hj hk {u'k - 6 u'j) 
+ 5760 ^^Hf^^iAK 

29 Vij Vik hj hk (3 u'i u'^ + 3 u'j u'^ + 6 - 6 lif - 2 1^^.^) 
^5760 
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1 VijViku'^hk{2u'i-u'^) 
576 u| Uik hf hj 

1 Vjj Vik Ujj hk (3 wf u[ -3m- + u'lJ^ - uf) 

1152 ^W^k^'jh', 

1 Vij Vik Uik hk {-uf + 3 uf u'k - 4 u • u'j u'^ + 2 uf u'- - 2 uf) 
576 ^l^h^'jh^ 
1 V^jfc /ifc (-< + - 6 n^-^ 
"^384 u,,u%u'^h'^ 

1 Vij Vik hk (4 < n;. + u'j n^' - 2 nf n;. + 3 ) 
+ 288 ^ij^h^'jh'j 

1 V'ii V^^fc hk (2 - uf u'^ - m^^) 

384 Uik u% u'j h^ 

1 Vij Vik hk {u'j u'l,^ - 2 M • M^. m'^ + u'j) 
288 Mifc u^jf^ u'j h^j 

IV^^Whkvlui _ 1 Vi.Vikuru'f, 
384 ufj Ujk u'j /i| 576 Uik u'jk 

1 V^j u'i (37 u'j h] + 10 u'i u'j hf-3 /i? + 1 1 /i^) 
1152 M^. /if 

1 \/i,/i,(4Mf + 4 m'. wf- 6 1 v^i,M>;. 

~576 m| ^/ + 576 /li /ij- ■ 

(3.10.114) 

^ summation over repeated indices is assumed in each term of the formula provided 
the denominators do not vanish. 



Example 3.10.33 For the CP^ model defined by the potential ( 3. 6.57 ) the canonical 
coordinates are 



Ui = Vi + 2 exp{^), U2 = vi - 2 exp{^] 
The functions hi, /i2 o.'nd the matrix V have the form 

V2 , V2i 



hi 
V ■ 



^Ui - U2 ' 



ho 



^JUi - U2 ' 



-1 

1 



(3.10.115) 



By substituting the above formulae for the functions hi, Vj into the formula of genus two 
free energy for general semisimple Frobenius manifolds, we get the following expression 
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for the genus two free energy of the CP^ model: 



2^ 4:ufui2 4:ufui2 u'lu'^ 



5 m'/ 5n'2^ Au[u'2 



+ ——3 77 Ml ^2 - - Ml + -3 7: ^2 Ml + - -^2 ^12 



4u[' V2 ' ' 5^' 'V 4u',' V2 ' ' 5 
1 / 33 „2 9 , 1 II II IV 



, 1 / 33 „2 9 /// / I 1 // // IV 
H ^ — Ur, Un Ml H Ur, — Ur, U12 

4m'2^ VlO ^ 10 ^ ^ 10 ^ 2 2 



17 „, 1 .A 1 /17 

— Ml +-^2 - 7-7 ^^2 + oMl 



4 u'l V 5 2 V 4 u'2 V 5 ^ 2 

1 /^M'l^ W'2'\ W ,2 11 , , ,2 

-TO^U + ^j-^l"^ -yMi.2 + M2 

+ ^(^ + ^ + 1). (3.10.116) 

M12 \OMi 5^2 / 

i/ere we denote Ui2 = Ui — U2 as above. 

Let us now explain how to use the above formula for computation of the genus 
2 Gromov - Witten invariants and their descendents in the CP^ model. We must 
substitute into the formula for T2 the genus zero two point correlation functions 

q2 

^" = ^^T7?^(e^P(E^^('^/3)^''''))o' " = 1'2' (3.10.117) 

where Tp{(j)a),P > 0,a; = 1,2 are the gravitational descendents of the primary fields 
01 = 1,02 of the CP^ model. The expansion of these two point correlation functions 
in power serieses of f^'^ can be obtained by solving the following equations (see Section 



^"(t) = EE^'''f^' « = 1'2- (3.10.118) 

p>0 13=1 

The generating function for 6/3^q is given in l \3. 6. 6(\ ), (\3. 6.61\ ), we list few of them 

Ovo = V2, 02 = Ml, 

^i,i = Mit;2, 92,i = e^^ + ^vl 

ei,2 = \vlv2 + V2e^' -2e^\ 

e2,2 = \vl + vi 
o 

K^ = \v\v2^v^V2e''' -1v^ 

D 

^2 3 = lt;2 ^2 + - 6^ (3.10.119) 
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The expansion of the correlation functions of dS.lO.lllj) is the unique solution of the 
form 

fc>l,Pj>l 



of the equations given in (\3.10.11q) , the coefficients are determined recursively by 
dS.lO.llBj ). For example, we have 



A 



09 



} ^/3i,qi;/32,g2 



1 d^ea,,,^ 86, 



A ,91 (^'7/32,92 



2 dvadvj dvj 



Taking the expansions of Va up to the 6-th order oft^'^, we obtain the following expan- 
sions for Ui, U2 defined in ( ^.10.11^ ): 



+tl,2 ^2,0 ^ ^2,1 ^ 2 tl'l t2,l ^ ^1,2 ^2,1 _ 3 ^1,3 ^2,1 ^ ^ (^2, 



2,1\2 _|_ ^2,2 



+t''' ^2,2 + 2 t^'l t2,2 _ 4 ^1,3 ^2,2 ^ ^2,0 ^2,2 ^ Tt^^ ^ ^ ^^^,2)2 ^ ^2,3 ^ ^1,0 ^2,3 

j-1,2j-2,3 qj-2,0j-2,3 

+ 2 t^'^ t2,3 _ _ 5 ^1,3 ^2,3 ^ ^ 3 ^2,1 ^2,3 ^ 4 ^2,2 ^2,3 

o |'+2,3N2 



2 ■ - - ^' 

U'l = + 3 t''' t''^ + t^'" - 4 - 2 + ^2,0 ^ 3 ^1,2 ^2,1 



ff2,n2 



^2,0^2,2 



/-2,2\2 



; +i2,3^^1,0^2,3^3^1,1^2,3_^2tl'2t2.3_ 



9^1,3^2,3 



^2,0^2,3,^5^2,1^2,3 



2 2 

+ 7^2,2^2,3^4(^2,3)2,^(^(^3)^ 

U'l' = 3 + t''^ + 4 t^'l - 4 + 4 t''^ t^'l + 6 t^'^ t2,2 ^ 4 ^1,3 ^2,2 

qi2,lj.2,2 j.2,0i2,3 
+ + 3 (^2.2)2 + ^2,3 ^ 4 ^1,1 ^2,3 ^ g ^1,2 ^2,3 _ ^1,3 ^2,3 ^ + 4 ^2,1 ^2,3 



+ 12t2,2 ^2,3^7(^2,3)2^(^^(^3)^ 



1,3 j.2,2 



3{t 



2,2\2 



lOt^'^ t'^'^ + lOt'^'H^'^ + 2t^'' t 



1,3 _|_ Q x2,l j.2,3 



+10 t^'^t^'^ + 12 (t^'^)^ + C(t^), 

4 = 1+ + (tl.l)2 + ^1,0 ^1,2 _ (^1,2)2 _ ^1,3 _ 2 ^1,1 ^1,3 + 2 ,^ (^1,3)2 

+2,0 |2,1 

L^ + (t2,l)2^^2,2 



_^1,2 ^2,0 _ ^2,1 _ 2 ^1,1 i-2,1 _^ ^1,2 ^2,1 ^ 3 ^ 
-t^'O ^2.2 + 2 t^'l t2,2 _ 4 ^1,3 ^2,2 ^ ^2,0 ^2,2 _ ^ ^ ^^^,2)2 _ ^2,3 ^ ^1,0 ^2,3 



1,3 _*2,1 



+1,2+2,3 qj-2,0-/-2,3 
_2 tl'l t2,3 _ + 5 ^1,3 ^2,3 _ 
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o C+2,3\2 



Un 



^ ^1-2 + 3 ^1,1 ^1,2 ^ ^1,0 ^1,3 _ 4 ^1,2 ^1,3 ^ 2 (tl'3)2 _ ^1,3 ^2,0 _ 3 ^1,2 ^2,1 

('+2,n2 +2,0^2,2 
+^1-3 ^2,1 _ _ ^2,2 _ 3 ^1,1 ^2,2 ^ 3 ^1,2 ^2,2 ^ 3 ^1,3 ^2,2 _ t_L_ + 3 ^2,1 ^2,2 

7|'/2,2N2 Q +1,3 +2,3 

at J + ^2,3 _ ^1,0 ^2,3 ^ 3 ^1,1 ^2,3 _ 2 ^1,2 ^2,3 _ ^ ^ ^ ^ ^2,0 ^2,3 _ 5 ^2,1 ^2,3 



2 

+7^2,2^2,3 _ 4 (^2,3)2 ^0(^3)^ 

< = 3 (t^'2)2 + t''' + 4 i^'^ i^'^^ - 4 (i^'^^)^ - 4 t^'' ^2,1 _ g ^1,2 ^2,2 ^ 4 ^1,3 ^2,2 

qj-2,lj-2,2 j.2,0j.2,3 
_ 6t ^ g ^^2,2)2 _ ^2,3 _ 4 ^1,1 ^2,3 ^ g ^1,2 ^2,3 ^ ^1,3 ^2,3 _ + 4 ^2,3 

-12^2.2^2.3 + 7(^2,3)2^(^(^3)^ 
lif = 10 t''^ t''' - 10 ^^'2 - - 10 f'^ ^2,3 + ^1,3 ^2,3 

^ 2 
-2 i^'i t^'^^ + 10 i^'^ i^'^ - 12 (i^'^)^ + 0{t') , 
u^^ = + 3 i^'^ i^'^ + - 4 ^^'2 - 2 + ^2,0 + 3 ^1,2 ^2,1 + ^1,3 ^2,1 

Cf2,l\2 +2,0^2,2 7C/2,2N2 

+^2,3 + ^1,0 ^2,3 + 3^1,1 ^2,3 + 2 ^1.2 ^2,3 _ 9^^^ ^ ^2,0 ^2,3 + 5 ^2,1 ^2,3 
+7^2,2 ^2,3 + 4 (^2,3)2 ^(^(^3)_ 

In the r.h.s. of the above formulae we only keep the terms up to the quadratic ones in 
t"'P with p < 3. The function T2 thus has the following expansion: 

7^2.2 5(^1,2)2 ^1,1^1,3 29{t^'^Y It^'H^''' 7t^'H^'^ 

^ ~ ~240 ^ 5760 576 W ^ 2880 ^ 5760 ^ 1920 

7^1,1^2,2 ^ ^1,3^2,2 ^ (^2,2)2 ^ 7^1,0^2,3 ^ ^1,2^2,3 ^ 25 (t2.3)2 ^ 



1920 192 1152 5760 192 2304 

Again the above formula for F2 is at the approximation up to quadratic terms in t^'^ 
withp < 3. The above expansion of the function J-'2 coincides, to the extend of the above 
mentioned approximation, to the generating function of the genus two Gromov- Witten 
invariants for the CP^ model defined by 



^2 = E^((EE^^('^«)^"^)')^ 



k\ 

n>0 p>0 a=l 



2 

p>0 a=l 
1 2 

+ 9 E J2M^'^MM2t"''tf''^ + 0{t'). (3.10.120) 



2 

p,q>Oa,p=l 
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A list of some of the invariants can be found in ll33i} , the numbers {Tk,i)2 and {Tk,iTm,j)2 
there correspond to (rfc(0i+i))2 and {Tk{(l)i+i)Tm{(f)j+i)) 2 respectively. For example, 



(r3(0i))2 = {r2{h)h = 



(T2(0l)r2(0l))2 
(r2(0l)ri(02))2 
(r2(02)T-2(02))2 



5 

288' 



(01)7-3(01))^ 



29 

1440' 



7 1 

(^3(01)1-2 (02) )2 = (r2(0l)r3(02))2 = — , 



Sk' (^3(02)r3(02))2 = 



(3.10.121) 



Example 3.10.34 The expansion of the function T2 for the CP^ model can be ob- 
tained in a similar way as we did for the CP^ model. The canonical coordinates Ui are 
the roots of the characteristic polynomial of the matrix correspondent to the operation 
of multiplication by the Euler vector field, express Ui in the form 



Ui 



Vi+v^^Zi{y), z = 1,2,3, 



where ?/ = f 2 + 3 logfs. Then the functions Zi{y) are roots of the following cubic 
polynomial: 

^3 _ J// ^2 + (g J _ 15 J/ _ 9 J//) z - 54/ + 243/' 

+4 /'^ - 243 /" - 6 / /" + 3 /'/" + 9 f"^ = 0. (3.10.122) 

Here f = f{y) is the generating function of the genus zero Gromov - Witten invariants 
o/CP^ I.e. 

/v(o) 

f(y) = V — e'^y 

1^(3^-1)!" 

with N^^^ being the number of rational curves of degree k on CP^ passing through 3k — 1 
generic points. The matrix = {ipi^a) is given by 



= di V3 a//" + 9 - Zi, 
^ a, {3z^ + 2f - 6f") 
Vf" + ' 

/ izf-f"z, + Qf'-18f") (',^n^o',^ 
= / . o . (3.10.123) 

^^3 V / +9- Zi 



where the coefficents ai are defined by 

1 
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The matrix V = (Vij) has the following expression 

V = ^^^-\ jj, = diag{-l,0,l). 

The genus zero two point functions fi,f2,f3 can be obtained by solving ( \3. 6.7^ . Thus 
we have all the data to compute the expansion of the function T2 for the CP^ model. 

Let us now consider the deformations of the Principal Hierarchy induced by the qu- 
asitriviahty transformation (|3.10.49|) satisfying the loop equation ( |3.10.66|) . It remains 



an open problem to prove that, at every order in the e^-expansion the coefficients of 
the bihamiltonian structure are polynomials in the derivatives. For the first term in 
the e^-expansion this was proved in At the next approximation the calculations 
are more complicated. We consider here bihamiltonian structures corresponding to 
two-dimensional Frobenius manifolds (|3.6.55|) . 

As we already know from Example |3.6.9| of Section |3.6.2| for generic two-dimensional 
Frobenius manifold 

F{Vi,V2) = -V^V2 + 



the t = -t^'i-fiow 

vt + V ■ Vx = 

of the Principal Hierarchy coincides with the equations of motion of ID polytropic gas 
with the equation of state of the form 

(we redenote as above fi = u, V2 = p). 

Our construction produces the following deformation of the polytropic gas equations 

dt 12 



+e\>^ -2){k- 3) [a, p-' ul pI + a2 p^-' pi 

+03 p"^ Uxx Ux Px + 04 P~^ mL + «5 P~^ ul Pxx 
+06 p'^'^ pI Pxx + a? P""^ pIx + ^8 P~^ Ux Uxxx 

K-4 1 4K (k^ - 1) (k^ - 4) 1 ^, f,, 

+09 p'^ ^Pxpxxx] +e^— ^^7^ -P ^ Pxxxx \=0{^), 

3oU J 

dp ^ ( 2 /(2 -3) 1 

^ + Ox<pu + e — Uxpx + -Uxx 

at y \ 12/tp 6 

+ e^{n - 2)(k - 3) [61 Ux pI + 62 P"^ pI Uxx + h P~^ Ux px P: 

+64 p~^ Uxx Pxx + &5 P~^ Uxxx Px + h p"^ Ux Pxxx + &7 P~^ Uxxxx] } 



XX 
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integrable up to corrections of the order O(e^). The coefficients are given below 
36 + 144 K - 59 ^2 + 19 60 + 176 k + 433 - 182 + 17 



5760 k3 ' 5760 

_ 6- 19k- 11^2 -4 -5^ + 13^2 _ -42 + 13^-7^2 
1440^^^ ' """" 1440^^^ ' 2880^^^ 

_ -36 - 72 K - 245 ^2 - 61 + 30 _ 6 + 5 k + 15 + 5 + 5 

2880^^^ ' 1440^^^ 

_ 1 _ 2 + 5k 

^^-120^' ^^-^40" 



108 + 192/t-97/t2 + 17K3 , 
bi = ^^^^ , , h 



-18 - 75 k + 47 /t^ - 10 



2880 k3 
6 + 17k -5^2 + 2^3 



1440 k3 



288 k3 

6 + K + K^ 

67 = 



-, U4 



6 — 4 K + K 

180 k2 



6 + K + K 

720 k2 



1 



79n 2 ' - o«n (3.10.124) 
720 360 K 

The polytropic gas equations can be considered as the dispersionless hmit of the above 
integrable system. 

The bihamiltonian structure of the above system will be written in the coordinates 
where the first Poisson bracket has the canonical form ( p. 10. 124 ) up to O(e^). These 
coordinates vi, V2 are given by the following Miura-type transformation (recall vi = u, 
V2 = p; we do not distinguish between upper and lower indices in these formulae) 



+ A^{v, v', v") + B^{v, v',..., v^^), a = 1, 2 



(3.10.125) 



where 



(k-2)(k-3) d 



24 k 



dx \V2 



(k-2)(k-3) d 



24 K 



dx \V2 



240 



k2-13k + 6/1<' lv'lv'2 7 v[v'^ 



4 



2 



12 



1 -5Ak^ + 25K-Q v[ v'^ 



+ 



1 (k + 3)(k + 2)(k + 1) v'{ 



6 

B2 = 



(k - 1) k4 



,K+2 



In the new coordinates our deformed bihamiltonian structure reads 
{v'^{x),v^{y)}, = K(x),t;^(y)}fl + 0{e^), 

{t;"(x), v''{y)}2 = {v''{x),v^{y)}^^^ + (diX)"^ + (diF)"^ + 0{e^). 
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with the vector fields X and Y defined by 

(3 - 7 K + 2) 4^ + (4«; - 2)v^-\l 



^ -24 



X 



2_ K+1 



12 K 



and 



240 



/ oN/ o^ / //// //2 I'z II 1 1 1 1 I 



'2 /2 



„/4 



+ 



+ 



+ 



+ 



V2' 



V2' 



V2^ 



V2 



K+2 



^ geV^^vj'^ ^ g7V2''vf ^ 98 V2'^ V'i V2 ^ ^9 ^2^ V2^ 



■U2 



f2" 



V2^ 



V2^ 



where 



240 

V\ V'o Vn 



^"2 



V2' 



V2' 



2/c 



// / 2 



91 

92 
93 
94 
95 

96 

97 
98 
99 

fl 

/2 
/3 
/4 



V2-' V2^ 

_ 1 9«;3-120k2 + 101«; + 30 
~24 

1 6fi;3-81fi;2 + 79fi; + 6 
"12 ^3 

1 8k3_ i09«;2 + ii7^_6 

"12 

1 37k^-478/«3 + 461k2 + 28/«+12 
24 

_ 1 {k + 3){k + 2){k^ - 1) 
~72 

1 9 - 12 + 11 /V - 18 
4 



k2 («; - 3) 

1 43 K^- 30^2 + 197^-90 

'24 ^ 
1 63 K^- 287 + 492 - 1258 k + 540 
12 

1 78 At^ - 732 At^ + 2268 At^ - 4393 ac^ + 8340 - 3395 At - 6 
72 ^3 

7^2 -35^+18 

21 K^- 312 + 529 k -138 





24 k3 




21 


- 291^2 + 424 k- 


84 




12«;3 




21 


- 284 K^ + 389 K - 


66 


24 
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For the particular value k = 2 the above formulae truncate at the order e^. We 
obtain a system of two uncoupled KdVs 

J2 



u± + u±u^ ± 



U4 







for 



u± = u 



For K = 3 the formulae ( |3. 10.1261) define a Poisson pencil. That is, the Jacobi 
identity becomes exact but not just modulo O(e^). One obtains the bihamiltonian 
structure for the Boussinesq hierarchy (see details in |^T[). The Boussinesq equation 
itself for the unknown function V2 = V2{x,t) is the spelling of the t^'°-flow of the full 
hierarchy. 

The last interesting particular value of the parameter k is k = 1. The formula for 
the potential of the Frobenius manifold must be modified 



F = 2 ^1^2 + 2^2 log^2. 



(3.10.126) 



However, the formula for the — t^'^-flow of the hierarchy and the bihamiltonian struc- 
ture are well defined for this particular value of the parameter. The PDE ( 13.10.12^^ ) 
coinicides, in the leading approximation in e, with the nonlinear Schrodinger equation 
(NLS) 

1 



+ 



(3.10.127) 



when using 



M = ^ (log^/^)^ 



(3.10.128) 



u 



as the new dependent variables 

Ut + da 
pt + d^{pu 



0. 



4p 



(3.10.129) 



The relationship of the bihamiltonian structure of NLS to topological field theory was 
discussed in 



(see also recent paper |]T4|, |^). To reduce the bihamiltonian structure 
of NLS to our normal form one is to perform a Miura-type transformation that contains 
an infinite number of terms in the e-expansion. We will consider this transformation 
in a subsequent publication. 

The above formulae work also for the exceptional value k = —1 where the potential 
of the Frobenius manifold reads 



^ 1 2 1 1 
F = 2^1 ^2 - 2 



V2- 
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It remains to consider the Frobenius manifold ( p.6.57|) of the CP^ modeL The 



transformation reducing the first Poisson structure to the canonical form in this case 
becomes very simple 

2 4 

v.^v^ = v^+ '-vl + ^v'J + O(e^), a = 1, 2. (3.10.130) 



The Poisson pencil has the form ( p. 10. 126] ) with 



V6 ^ 8 V 12 ^ 

/ I /y I 1 / /// I 1 //2 1 V2 

Y = Vr, H VnVr, H Vr, V r, 6 ^ 

\120 2 96 ^ ^ 288 ^ 1152 ^ J 
720 ^ 

The resulting Poisson pencil is equivalent, within the order approximation, to the 
bihamiltonian structure of Toda lattice ||153| . 



4 Conclusions 

In this paper we presented a new approach to the problem of classification of hier- 
archies of 1+1-dimensional integrable PDEs of certain class. We have formulated a 
system of simple axioms that can be used as defining relations in the theory of such 
hierarchies. We developed an efficient tools for a perturbative reconstruction of the 
hierarchy starting from a given semisimple Frobenius manifold. We computed the first 
few terms of the perturbative expansion and showed that, for low genera the identi- 
ties for the tau-function of a particular solution to the hierarchy correctly reproduce 
the universal identities among Gromov - Witten classes and their descendents in the 
cohomology of the moduli spaces of stable algebraic curves. 

Of course, our system of axioms can probably be improved (in particular, indepen- 
dence of the quasitriviality axiom is questionable). However, as the reader may agree, 
it is something more than just putting Gromov - Witten invariants into the game in 
the beginning in order to get them back at the very end. 

Some important problems of our classification programme remain to be fixed. We 
did not prove polynomiality in the derivatives in every term of the perturbative ex- 
pansion of the integrable hierarchy corresponding to an arbitrary semisimple Frobenius 
manifold. For g <1 this follows from the results of ||51[ . We are to also check whether 



main examples of integrable hierarchies (e.g., Drinfeld - Sokolov hierarchies |3j] of the 
ADE type, Toda lattice etc.) satisfy our four axioms. In the present paper we did it 
only for the illustrative example of KdV. 

A more challenging problem is to find a "non-perturbative construction" of the 
integrable hierarchies in question performing a summation over all genera. We hope 
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that the structure theory of semisimple Frobenius manifolds based on a Riemann - 
Hilbert problem will be important for such a summation. A related problem is 
to study relationships between our classification approach and topological results of 
the very recent paper of A. Givental |79|. It might happen that a reasonable non- 



perturbative construction of the hierarchy can be obtained only for certain particularly 
"nice" Frobenius manifolds. Recall that generic n-dimensional Frobenius mani- 



fold depends on complex parameters. Mathematically or physically interesting 

integrable hierarchies might correspond to special points in the space of parameters. 
For example, from results of C. Hertling it can probably be derived that integrable 



hierarchies satisfying our axioms that are polynomial also in u must correspond to the 
Frobenius structures on the orbit space of Weyl groups of the ADE type. However, just 
the universality of our approach suggests to apply it to other ingredients of the theory 
of integrable systems, first of all to the theory of classical and quantum W-algebras 
151| , |6l| , |2l| and, more generally, of vertex Poisson algebras and vertex algebras ||6^ in 



order to unravel the eventual role of the topology of moduli spaces of stable algebraic 
curves in the theory of these algebraic structures. 

From the point of view of applications to the theory of dispersive waves the in- 
tegrable systems we are constructing may look ugly. Indeed, they typically contain 
infinite number of terms of the dispersion in the r.h.s. However, one can obtain an 
approximately integrable system just truncating the expansion at some order in e. We 
expect that solutions to such an approximately integrable system exhibit an integrable 
behaviour within a certain range of physical parameters. For n = 1 such approxi- 
mately integrable systems were studied in ||103|| (only the bihamiltonian property has 



been used). In numerical experiments elastic scattering of solitons was observed in such 
systems. It could be of interest to study numerically our approximately integrable de- 
formation of the one-dimensional gas dynamic equations constructed in Section 3.10.8. 

Finally, the problem of classification of Poisson pencils of {p, g)-brackets with 
{p, q) {0, n) and study of the properties of associated bihamiltonian hierarchies is still 
completely open. The (n, 0) case was recently studied by P. Lorenzoni (unpublished) 
where preliminary results were obtained. Such a classification is needed to extend our 
general classification strategy onto other classes of integrable systems not admitting 
dispersionless limit (e.g., integrable systems of the Sine-Gordon type). 

We plan to study these problems in subsequent publications. 

Note added. After finishing this work we have received the paper of S. Baran- 
nikov. Semi-infinite variations of Hodge structures and integrable hierarchies of KdV- 
type, [math. AG /0108l45| . The author also presents a construction of a bihamiltonian 
hierarchy associated to an arbitrary semisimple Frobenius manifold. Virasoro symme- 
tries of this hierarchy were not discussed. Relations of the Barannikov's hierarchy to 
Gromov - Witten invariants is still to be investigated. 

Acknowledgments. We wish to thank O. Babelon, Ya. Eliashberg, G. Falqui, G. 
Felder, E. Frenkel, E. Getzler, V. Kac, F. Magri, A. Maltsev, V. Sokolov, P. Wiegmann 
and C.-S. Xiong for fruitful discussions. Part of this work was done during our visit to 



170 



MSRI. We wish to thank the organizers of the MSRI activity "Random Matrix Models 
and Their Applications" for the invitation and generous support. One of the authors 
(B.D.) also acknowledges generous support of LPTHE, of Isaac Newton Mathematical 
Institute, of ETH, of Tsinghua University where some parts of this work were done; 
some parts of Y.Z.'s work were done during his visit to the International Center for 
Theoretical Physics (ICTP), he acknowledges the generous support of ICTP and of 
the Commission on Development and Exchanges of the International Mathematical 
Union. The researches of B.D. were partially supported by Italian Ministry of Edu- 
cation research grant "Geometry of Integrable Systems". The researches of Y.Z. were 
partiahy supported by the NSFC grants No. 10025101, 10041002 and the Special Funds 
of Chinese Major Basic Research Project "Nonlinear Sciences" , he also acknowledges 
the partial support by the startup grants from the Chinese Ministry of Education and 
Tsinghua University. 



171 



Appendix: Degenerate Frobenius manifolds, spectral 
curves, and Poisson pencils 

Let M be a degenerate Frobenius manifold, F{v) the corresponding solution to the 
equations of associativity, e = di and E = E"da the unity and the Euler vector fields 
on M resp. satisfying 

dEF{v) = k F{v) + quadratic, [e, E] = 0. (A.l) 
We introduce the following linear operator on TM 

V:=^-VE (A.2) 

(cf. ( |3.6.5D above). This (l,l)-tensor is constant in the flat coordinates on M. 

Lemma A.l The following equations hold true 

LicE < , >= k < , > (A. 3) 

LieE^a ■ b) = LicEO, ■ b + a ■ LicEb. (A. 4) 

Proof Differentiating (|A.1|) along di, da, dp one obtains 

<Vx,y > + < x,Vy >=Q (A. 5) 

for any two vectors x, y. This implies (|A.3|) . Differentiating the same equation along 
da, dp, d-y we obtain 

k 



Raising the index 7 and using (|A.5|) we arrive at 

LieEclp = 0. 

This coincides with ( |A.4| ). □ 
Denote 

L{v;z) := zU + V. (A.6) 

Lemma A.2 The operator L{v; z) is horizontal w.r.t. to the deformed flat connection 

V{z)L{v;z) = 0. (A.7) 



The proof easily follows from Lemma [A.l . 
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Corollary A. 3 The spectral curve does not depend on the point v G M of the degen- 
erate Frohenius manifold. The differentials of the deformed flat connection ^ = dv, 
V = v{v; z) are meromorphic sections of the vector bundle of eigenvectors of L{v; z) 
over the spectral curve 

C : det{L{v; z) - w) = 0. (A.8) 

Proof For the covectors ^ we obtain the compatible system 

da^ = zC^{v)^ (A.9) 
L{v;z)^ = wC (A.IO) 

This proves the corollary. □ 



Let us assume that the spectral curve has no singularities at \z\ < oo and that (|A.10|) 



is a line bundle on C. We will see below that this is the case under the assumption 
of semisimplicity. In this case one can choose a meromorphic trivialization of the line 
bundle. Denote v{v; P) the corresponding fiat function for the deformed connection V 
considered as a meromorphic function on the spectral curve depending on the point 
V G M. Let z = he not a ramification point of the spectral curve. Denote 

Pa := {z = 0,w = fia), a = I, . . . ,n 

the points of the spectral curve over z = 0. Expanding the branches of the function 
v{v; z) near P ^ Pa we obtain, after a multiplication by an appropriate normaliza- 
tion factor depending only on z, the basis of the deformed fiat coordinates Va{v;z), 
a = 1, . . . ,n. Recall that the coefficients of expansion of these functions in z are Hamil- 
tonian densities of the analogue of the Principal Hierarchy for the case of degenerate 
Frobenius manifold. This procedure can be modified in an obvious way in the case 
when z = is a ramification point. 

Due to symmetry of U and antisymmetry of V w.r.t. the bilinear form < , > the 
spectral curve admits a holomorphic involution 

a: {z,w)i^{—z,—w). (A. 11) 

The orthogonality condition in this case reads as follows: the inner product 

< Vv{v; P),'Vv{v] (7{P)) > does not depend on t> G M. Considering the function on 

the Cartesian square of the spectral curve 

< Vv{v] P), Vv{v] a{P')) > - < Vv{v; P), Vv{v] a{P)) > 

z{P) + z{P') 

and expanding it into a power series in z = z{P), z' = z{P') near P —>■ Pa, P' Pp 
we obtain, after an appropriate renormalization, the matrix VL{v\ z,z'). 

The system for the differentials of periods p{v; A) (i.e., of the flat coordinates of the 
flat pencils of metrics ( , )\) reads 

{U - Xy^da(l) + Cafi(j) = 0, (j) = Vp{v;X). 
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From here it follows that 

dE-Xe(l) = 

and, more important, that the operator (U — A)^^V is horizontal w.r.t. the connection 
V* — A V. Therefore is meromorphic on the spectral curve 

det[u{U - X) + fi] = 0, {U - Xy^fi(f) + u(j) = 

The new spectral curve is birationally equivalent to the old one: 

w = Xu, z = u. (A. 12) 

Therefore the system of independent periods pi{v; X), . . . , Pn{v; X) is obtained as follows 

Pa{v;X) = v{v;Po,iX)) (A.13) 



where Pa (A) are the intersection points of the line ([A .121) with the spectral curve. For 
large A they can be ordered in such a form that 

PJoo) = Pa, a = l,...,n. 



Example A. 4 An arbitrary two-dimensional degenerate Frohenius manifold has the 
potential 

F = -vlv2 + a^V2 \ogV2, E = V2d2 (A. 14) 

where a is a parameter. Then 

V = diag(l/2,-l/2), 



L{v;z) 

This gives the spectral curve 



1/2 -a^z/v2 
V2Z -1/2 



+ a'^z'^ = -. 

4 

Uniformizing it 

Is 11 -s^ 

Z = —- t:, W 



a 1 + s2 ' 2 1 + s2 

we obtain the eigenvector in the form 



a 

SV2 



where cf) is a normalizing factor. The dependence of it on Vi and f 2 is completely 
determined by the above differential equations. This gives 
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Therefore the basis of the deformed fiat coordinates reads 

f l-Vl-4a2;;2 



l+\/l-4a2z2 

The coefficients of expansion of these functions in powers of z are hamiltonians of the 
hierarchy related to the degenerate polytropic gas equations 

Pt+ {pu)x = 

Ut + uux- a^(logp)a; 0. 

(A.15) 

Here u — vi, p — V2, t — —t^'^. 

The above involution becomes s i— > —1/s. The orthogonality gives 

< Vv{s),Vv{--) >= -2zw. 
Using this one can easily compute the tau-fucntion of the hierarchy. 

Let us now add the assumption of semisimplicity. Recall that this means that the 
eigenvalues of the operator of multiplication by E are pairwise distinct. One can locally 
introduce a system of canonical coordinates ui, . . . ,Un on. M such that the vector fields 

^ • 1 

OUi 

are the basic idempotents of the Frobenius algebra on T„M at each point . . . , Un) — 

ue M, 

TTi ■ 71 j = SijTTi. 



Lemma A. 5 The Euler vector field in the canonical coordinates equals 



where c\, . . . , Cn are pairwise distinct constants. 
Proof Define the matrix {bij) by 

n 

LiCETTi = y^^bjjTTj. 



E = ±c,^^ (A.16) 



175 



Using ( |A.4|) one obtains, for i ^ j 

= LieEini ■ Tij) = bijTij + bjiTTi. 
Hence bij = bji = 0. Using the same trick for the square of vTj we have 

biiiTi = LieEiiTi ■ TTj) = 2bii'Ki. 

Hence 

Lze^'TTj = 0, i = l,...,n. (A. 17) 

This means that E has the form ( [A. 16 ) with some constants Cj. These constants clearly 
are the eigenvalues of the operator of multiplication by E, 

E -TTi = dlTi. 

Therefore 

Ci 7^ Cj for i ^ j. 
Introduce, as usual, the basis of normalized idempotents 

f.= 

i/< VTj, TCi > 

and the transition matrix 



1=1 



The matrix \E' satisfies the linear system 

di<iJ = Vi^, i = l,...,n (A.18) 

where the antisymmetric matrix Vi is defined by this equation. The matrices Vi satisfy 

[E„Vj] = [Ej,Vi\, d,Vi-djVj + [Vi,Vj\=0, 1^3. 

The last system coincides with the equations of flateness of the deformed connection 
V 

[d, - {zE, + Vi), d, - {zE, + V,)] = (A.19) 
depending on the parameter z. Here Ei is the i-th matrix unity, i.e. 

{Ei)pg = for {p,q) ^ {Ei)ii = 1. 

The flat coordinates and the structure constants can be reconstructed from an arbitrary 
solution to (|708| ), (pTTQl ) by the formulae of [0 

n 

Va = ^a,0;l,0, dv^ = ^ ^il^iadUi (A. 20) 

1=1 
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Vaf3 = ^ ^ia^i(3 
i=\ 



E 

i=l 



_d_ 
dui' 



(A.21) 
(A.22) 
(A.23) 



All these statements were proved in ||3^ for an arbitrary solution to the associativity 
equations (the quasihomogeneity has not been used in their derivation). 

Let us now use the Euler vector field of the form ([A.16| ). 



Lemma A. 6 The matrices ^ , Vi satisfy 

= ^ V 



dEVi = 0, i = l,...,n. 



Proof Using ([A.3|) and also 



we obtain 






i=l 



From this using commutativity ( |A.17] ) we obtain ( [A.24| ) . Therefore 



(A.24) 
(A.25) 



□ 



Lemma A. 7 The operators di — {zEi+Vi) commute with the operators of multiplication 
by the matrix 

n 

L{z):=zC + V, C = diag(ci,...,c„), V = Y^CiVi = -^V^-\ (15) 



i=l 



Proof This is just the spelling of the statement of Lemma |A.6 



□ 



We arrive at 
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Theorem A. 8 For a semisimple degenerate Frohenius manifold the antisymmetric 
matrix V G so{n) satisfies the Euler equations of free rotations of n- dimensional rigid 
body 

diV=[V,,Vl V, = ^dEM~ciy). ^ = l,...,n. (A.26) 

Conversely, let V = V{ui, . . . ,Un) be any solution to ( A.2(J{ ), and \1/ = . . . ,Un) 

be a solution to the linear system ( \A.l^ ). Then the formulae ^A.2(Ji ) - ( \A.2di ), ( \A.1(\ ) 
determine a structure of a semisimple degenerate Frobenius manifold on an open subset 
in M consisting of the points u = {ui, . . . , Un) where 



1=1 



The nonhnear system (|A.26|) can be integrated |Q in terms of Prym theta-functions 
of the spectral curve ( |A.8| ) with the involution ([A.ll|) . The solution \l/ to the linear 



system (|A.18|) and also all the ingredients of the degenerate Frobenius structure can 
be given in terms of Baker - Akhiezer functions on the spectral curve. In the generic 
situation the spectral curve is a smooth plane algebraic curve of the degree n. It has 
the genus equal 

in - l)in - 2) 
9 = ^ • 



The fixed points of the involution a are 



OOfc = (z, w 
and, for odd ra, also the point 



w 



oo, 



Cfc), k 



n 



Pn 



= 0,U7 = 0). 



Baker-Akhiezer function is a vector function Y = Y{u, P), u = {ui, . . . , Un), meromor- 
phic in P = {z,w) & C \ (ooi, . . . , oo„) such that 



Y 



>fc + 0(-), P ^ oofe, k = l,...,n 



(A.27) 



with a nonspecial divisor of poles D, degD = "^"^""^-^ that must belong to the odd 
part of the generalized Jacobian J(C, ooi, . . . , oon) of the spectral curve with identified 
infinite points. Here 

We will give elsewhere the explicit formulae in terms of Prym theta functions for 
the corresponding degenerate Frobenius manifold and for the analog of the Principal 
Hierarchy for this manifold. We also postpone for a subsequent publication the study 
of the perturbations of the hierarchy. 
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Remark A. 9 The method of constructing solutions to the associativity equations using 
theta-functions has been suggested in The explicit solutions for an arbitrary n- 

sheeted Riemann surface with an involution were obtained by I.Krichever jg^/ . The 
relationship of these solutions to bihamiltonian structures of hydrodynamic type was 
not observed before. This relationship takes place only for the case where the spectral 
curve is a plane algebraic curve of the degree n or its degeneration. 



Example A. 10 n = 3. According to the above theory, three-dimensional semisim- 
ple degenerate Frobenius manifolds are expressed via solutions to the classical Euler 
equations of free rotations of a rigid body. The potential of the degenerate Frobenius 
manifold reads 

F = ^vfv3 + ^vivl + f{v2, vs) (A.28) 

where 

f{x, y) = x^giyx'"^) + ax^ log a; + hy logy. (A. 29) 

Here a, b are arbitrary constants, g = g{s) is given by an elliptic quadrature 

s^g" = 1 (^i_4as+ Vl-8as + 16(a2 + 6) s^ + S{c-8ab) s^^ (A.30) 

where c is another constant. The spectral curve is a plane cubic 

- 2aw'^z + Abwz'^ -cz^ -w + 2az = 0. (A. 31) 
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